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Abstract. Direct georeferencing has become more and more important in aerial photogrammetry, but the 
accuracy can’t satisfy the requirements at small mapping scales in practical projects. The main reason is that 
the accuracy of exterior orientation elements determined by the POS is not high enough. According to the 
theory of space intersection and error propagation law, mathematical model of exterior orientation elements’ 
effects on direct georeferencing based on space intersection proposed firstly. Afterwards, mathematical 
model of exterior orientation elements’ effects on direct georeferencing based on collinearity equations are 
proposed according to collinearity equations and least square adjustment. The mathematical models are 
experimented using three sets of actual data at different photographic scales and terrains. Based on the 
empirical results, the effect rules of exterior orientation elements’ errors on direct georeferencing in theory 
and in practice are analyzed respectively. Finally, effects of different combinations of same accuracies of 
exterior orientation elements on direct Georeferencing are discussed. 
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1. Introduction  
Along with Global Positioning System (GPS) and Inertial Measurement Unit (IMU) being used in aerial 
photogrammetry one after the other, it becomes possible for direct georeferencing without ground control 
points(Wan, 2004). Furthermore, the widespread uses of active sensors also urge the use of direct 
georeferencing. At the same time, accuracy research of direct georeferencing has got more and more 
attentions. Experiment of direct georeferencing with a Position and Orientation System has been organized 
by  Europe Organization for Experimental Photogrammetric Research(OEEPE) in 1999, which provides a 
good guidance to the application of POS(Liu, 2004). After this, a series of researches have been done, and 
experiments shows that accuracy of direct georeferencing can’t satisfy the request of large-scale 
topographical mapping in stereo mapping (Li, 2005). Direct georeferencing is an orientation means which 
obtains coordinates of ground points directly using the known exterior orientation elements of photos, it is 
sensitive to all kinds of errors (Jacobsen and Helge, 2004). Errors in direct georeferencing are from the 
following aspects: errors of interior orientation elements, errors of exterior orientation elements and errors of 
point coordinates. Although all kinds of errors may affect the accuracy of direct georeferencing, the main 
errors are from the errors of exterior orientation elements. In direct georeferencing, the errors of GPS、time 
synchronization and projection center deviation between GPS and aerial digital sensor、interpolation of GPS 
stations and transformation of coordinate system can affect the location of projection center directly, they 
may cause errors in line elements of exterior orientation elements ultimately. In the same way, the errors of 
attitude measurement in IMU body and boresight misalignment can arouse errors in angle elements of 
exterior orientation elements (Jacobsen, 2002). Therefore, based on the theory of space intersection、
collinearity equations and error propagation law, mathematical models of exterior orientation elements’ 
effects on direct georeferencing are proposed in this paper. Then, the effect laws of exterior orientation 
elements on direct georeferencing are analyzed using three sets of actual data which are different in mapping 
scale and terrains. The results in this article lay the theoretical foundation for analyzing errors in practical 
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projects. Moreover, they lay a theoretical foundation of making sure the needful accuracies of exterior 
orientation elements at corresponding mapping scale. 

2. Effect of Exterior Orientation Elements on Direct Georeferencing 
2.1. Effect of Exterior Orientation Elements on Direct Georeferencing Based on Space 

intersection 
In aerial photogrammetry, if all parameters of images are known, ground point coordinates can be computed 
directly by space intersection. Space intersection based on point projection coefficient is the most popular 
direct orientation algorithm. Ground space coordinates of each object point can be showed by the following 
model(Zhang, 2003): 
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Where, ZYX ,, are ground spatial coordinates of object point;  
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,, SSZSSYSSX ZZBYYBXXB −=−=−= are three vectors of base line in spatial 
coordinate system respectively;  
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, RR are spatial coordinate;  

21, RR are orientation  matrix consisting of exterior orientation angle elements;  

2211 ,,, yxyx  are image point coordinates;  

f is the focal length. 

According to the above analysis, in order to analyse easily, errors of interior orientation elements and 
image point coordinates are not considered here. Thereby, regarding exterior orientation elements as 
observations, formula (1) can be deployed in matrix form as follows: 

OKC dd ⋅=                                                                         (2) 
Where, [ ]TdZdYdXd =C are correction vectors of ground coordinates of object points; 

[ ]TSSSSSS ZYXZYXd 222222111111 ΔΔΔΔΔΔΔΔΔΔΔΔ= κωϕκωϕO  are correction vectors of 
observations; 
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K
 are matrix of differential 

coefficients. The values of them are computed by value of exterior orientation elements and 
coordinates of photo points. 

According to covariance propagation law(Ge,2005), if the relativities among observations are not 
considered, effect of each observation on ground coordinates of  ground points can be computed using the 
theoretical accuracies of observations through the formula as follows in theory:  

 22 )()(
jO
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j
i mKm ⋅=  (i=1…3，j=1…16)                                                      (3) 
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Where, j
im is effect of the jth observation on the ith ground coordinate;  

jOm is theoretical accuracy of the  jth observation;  

j
iK  is the ith row ith element of matrix K. 

In POS-supported aerial photogrammetry, the image orientation parameters are determined at the time 
of exposure. Based on space intersection, exterior orientation elements together with interior orientation 
elements and point coordinates can be used to compute original ground points in national coordinate system 
according to formula (1). In order to analyze each error’s effect on direct georeferencing, different kinds and 
sizes of errors are added to the corresponding exterior orientation elements one by one to conform the new 
observations, so the new ground points including errors of exterior orientation elements also can be got by 
formula (1). Thereby, effect of different errors on direct georeferencing in practice can be computed by the 
root mean square errors of difference between the original and new ground points( ZYX ΔΔΔ ,, )(Yuan, 2001). 
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2.2. Effect of Exterior Orientation Elements on Direct Georeferencing Based on Collinearity 
Equations 

Collinearity equations express the rigorous geometric relationships among the object point、projection 
center and photo point. If positions of the projection center and attitudes of the photo are known, ground 
points can be computed by least square adjustment according to the corresponding point coordinates through 
collinearity equations. Regarding the photo points coordinates as observations and ground point coordinates 
of object as unknowns, the error equations of collinearity equations are as follows: 
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Each object point in a stereo pair can list 4 error equations like formula (5), unknowns are 3 only, so the 
ground coordinates of object points can be computed by least square adjustment. If one object is imaged on n 
photos, the X,Y,Z of object point can be computed using 2n linear equations. The matrix of total error equation is: 

LACV −=                                                                              (6) 
In photogrammetry, the theoretical accuracy of the unknowns can be computed by  the covariance matrix 

CCQC 2
0)(D σ= obtained in the process of adjustment(Yuan, 2001). Generally, the theoretical accuracy of the 

ith unknown is expressed by: 
),,(0 ZYXiQm i

i CC
== σ                                                   (7) 

Where, 0σ is root mean square error of the unit weight, here is the posterior mean square error obtained in 
the process of adjustment;  

i
CC

Q is the ith diagonal element of co-factor matrix CCQ of ground object point.  
According to least square adjustment,   ground point coordinates can be computed using the following 

formula: 
PLAPAAC TT 1)( −=                                                              (8) 

In order to analyze effect of each kind of error on direct georeferencing based on collinearity equations 
in theory and in practice, each kind of error are added to the corresponding exterior orientation elements one by 
one and  compute theoretical accuracy and actual point coordinates of object points again according to 
formula (7) and (8). Then, comparing the new computed values eith the original ones which have not added 
errors, effect of each kind of errors on direct georeferencing in theory and in practice based on collinearity 
equations can be obtained by computing means errors of differences between them according to formula(5) 
respectively.  
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3. Experiments and Results Analysis 
3.1. Introduction of Experiment  Data 
In this article, three sets of actual data taken from experimental projects which are different at mapping 
scales and terrains are used to experiment. They were taken in Nov. of 2004、Sep. and Oct. of 2005 
respectively. The photogrammetry system is Leica RC-30 mounting POS AV 510. Table 1 shows the main 
technical parameters of the empirical images. 

After all negatives are scanned with a resolution of 21μm to digital images, the WuCAPS system is used 
for automatic point transfer. The corresponding image coordinates of all GCPs are measured manually in the 
stereoscopic mode. The root means square error (RMSE) of all image coordinates is statistically better than 
±6.0μm according to the results of the consecutive relative orientation with conditions for model connection 
and the function of gross errors eliminated by WuCAPS. 

Table 1.  Technical Data of the Experimental Photos  

item Experiment  1 Experiment  2Experiment  3 

Photo Negative Kodak 2442 Kodak 2402 Kodak 2402 
Focal Length 153.84 mm 154.06 mm 153.53 mm 

Frame 23 cm×23 cm 23 cm×23 cm 23 cm×23 cm 
Photographic Scale 1:2500 1:32000 1:60000 

Longitudinal overlap 61％ 64％ 64％ 
Lateral overlap 32％ 33％ 30％ 
Strips Number 9 8 4 

Number of photos 255 160 48 
Maximum terrain undulation 38.60 m 729.28 m 107.50 m 

3.2. Effect of Exterior Orientation Elements on Direct Georeferencing in Theory 
In the disposal process of observations of DGPS/IMU obtained by the POS, many factors will affect the 
accuracy of exterior orientation elements more or less. Errors of exterior orientation elements will affect 
accuracy of ground points ultimately. According to the analysis in section 2, effect of exterior orientation 
elements on direct georeferencing based on space intersection and collinearity equations in theory can be 
computed through formula (4) and (7) respectively. In order to analyze the rules of errors’ effects, different 
supposed errors are used in three sets of data which are different at mapping scales and terrains. In view of 
the limitations of the length of the article, results of angle elements with 40” errors and line elements with 
0.4m errors are displayed here only. Results of these experiments can be seen in table 2.  In order to seen 
clearly, change curves of experiment 2 are drawn in fig.1. 

Table 2.  Effects of Exterior Orientation Elements on Direct Georeferencing in Theory 

Experiment  1 Experiment  2 Experiment  3 
Orientation Way Item Error 

X/m Y/m Z/m X/m Y/m Z/m X/m Y/m Z/m
ϕ /” 40 0.088 0.076 0.218 0.987 0.926 2.820 2.221 1.819 5.412
ω /” 40 0.084 0.002 0.033 1.033 0.042 0.336 1.985 0.075 0.789
κ /” 40 0.063 0.033 0.081 0.668 0.336 0.912 1.497 0.791 2.053
Xs/m 0.4 0.430 0.400 0.982 0.455 0.400 1.027 0.460 0.403 1.047
Ys/m 0.4 0.400 0.000 0.000 0.400 0.000 0.000 0.400 0.000 0.000

Spatial 
Forward 

Intersection 
 

Zs/m 0.4 0.171 0.019 0.400 0.175 0.032 0.400 0.177 0.040 0.403
ϕ /” 40 0.010 0.007 0.015 0.129 0.083 0.202 0.220 0.147 0.355
ω /” 40 0.001 0.001 0.002 0.014 0.014 0.021 0.024 0.026 0.041
κ /” 40 0.020 0.015 0.034 0.272 0.209 0.498 0.476 0.378 0.896
Xs/m 0.4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Ys/m 0.4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Collinearity 
Equations 

Zs/m 0.4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
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Fig.1. Change Curves of Effects of Exterior Orientation Elements on Direct Georeferencing  

The following conclusions can be taken from Table 2 and Fig.1: 
1) Effect of exterior orientation elements on direct georeferencing based on space intersection are 

larger than which based on collinearity equations.  
2) Errors of direct georeferencing will change with the different errors of exterior orientation 

elements, the larger the errors of exterior orientation elements are, the larger the errors of direct 
georeferencing are, and vice versa; and the change is linear almost. Errors aroused by angle 
errors of exterior orientation elements depend on mapping scale, the larger the scale is, the 
smaller the errors of direct georeferencing are, and vice versa; whereas errors aroused by line 
errors don’t change almost whether the mapping scale is large or small. 

3) For direct georeferencing based on space intersection and collinearity equations, error of ϕ  
affects Z direction mostly, while ω  affects X direction and κ affects X and Z directions mostly 
respectively.  

4) For direct georeferencing based on space intersection, errors of Xs and Zs affect Z direction 
mostly, while error of Ys affects X  direction. Errors of line elements don’t affect the theoretical 
accuracy of direct georeferencing based on collinearity equations, the main reason is that errors 
of line elements translate the position of ground points only, and there are no effects on least 
square adjustment itself.  

3.3. Effect of Exterior Orientation Elements on Direct Georeferencing in Practice 
According to practical effect analysis in section 2, effects of exterior orientation elements on direct 
georeferencing based on space intersection and collinearity equations in practice can be computed through 
formula (5) respectively. In order to analyze the law of errors’ effect and the differences between theory and 
practice, the supposed errors and experimental areas are the same as section 3.2. In view of the limits of the 
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length of the article, result of angle elements with 40” errors and line elements with 0.4m errors is displayed 
only. Results of these experiments can be seen in table 3. 

Table 3.  Effects of Exterior Orientation Elements on Direct Georeferencing in Practice 

Experiment  1 Experiment  2 Experiment  3 
Orientation Way Item Error 

X/m Y/m Z/m X/m Y/m Z/m X/m Y/m Z/m
ϕ /” 40 0.144 0.077 0.304 1.387 0.894 3.956 2.608 1.421 7.382
ω /” 40 0.097 0.005 0.038 1.114 0.059 0.323 2.107 0.144 0.471
κ /” 40 0.095 0.038 0.133 0.882 0.323 1.289 1.689 0.476 2.481
Xs/m 0.4 0.704 0.401 1.382 0.543 0.370 1.469 0.557 0.313 1.480
Ys/m 0.4 0.400 0.000 0.000 0.400 0.000 0.000 0.400 0.000 0.000

Spatial 
Forward 

Intersection 
 

Zs/m 0.4 0.284 0.055 0.401 0.214 0.067 0.370 0.203 0.080 0.313
ϕ /” 40 0.004 0.088 0.019 0.019 1.082 0.137 0.048 1.988 0.277
ω /” 40 0.090 0.002 0.020 1.006 0.017 0.188 1.873 0.008 0.543
κ /” 40 0.013 0.020 0.001 0.072 0.175 0.002 0.154 0.526 0.080
Xs/m 0.4 0.000 0.400 0.000 0.000 0.400 0.000 0.000 0.400 0.000
Ys/m 0.4 0.400 0.000 0.000 0.400 0.000 0.000 0.400 0.000 0.000

Collinearity 
Equations 

Zs/m 0.4 0.000 0.000 0.400 0.000 0.000 0.400 0.000 0.000 0.400
 

It can be seen from Table 2 and Table 3 that:  
1) The effects of exterior orientation elements on direct georeferencing in practice are larger than 

which in theory, this fact indicates that errors of exterior orientation elements are the main 
effect factors on direct georeferencing, but they are not the only factor. The results of direct 
georeferencing have large errors because that errors of image points coordinates and check 
points can’t be eliminated in direct georeferencing. 

2)  For direct georeferencing based on collinearity equations, errors of line elements have effect on 
position of ground points while they have no effects on theoretical accuracy of direct 
georeferencing. Errors of line elements only arouse translation of ground points coordinates. 

3.4. Combinative Effects of Exterior Orientation Elements on Direct Georeferencing 
In practice, effect of exterior orientation elements on direct georeferencing is not unattached absolutely. 
Various combinations of the same accuracies of exterior orientation elements are discussed in this section. In 
view of the limitations of the length of the article, results of angle elements with 40” errors and line elements 
with 0.4m errors are displayed here only. The results can be seen in table 4. 

Table 4.  Effects of Different Combinations of Exterior Orientation Elements on Direct Georeferencing 

Experiment  1 Experiment  2 Experiment 3 Orientation 
Way Item Errors 

XY/m Z/m XY/m Z/m XY/m Z/m 
(40,40,40) 0.169 0.163 1.854 2.038 3.120 3.674 
(40,40,-40) 0.098 0.178 1.124 2.171 2.104 4.239 
(40,-40, 40) 0.099 0.177 1.185 2.096 2.068 3.755 

),,( κωϕ /” 

(40,-40,-40) 0.167 0.163 1.774 2.043 3.673 3.949 
(0.4,0.4,0.4) 0.564 0.919 0.525 0.939 0.503 0.942 
(0.4,0.4,-0.4) 0.671 0.525 0.611 0.579 0.538 0.571 
(0.4,-0.4,0.4) 0.564 0.918 0.537 0.939 0.506 0.945 

 
Space 

Intersection 
 

(Xs, Ys,Zs) /m 

(0.4,-0.4,-0.4) 0.672 0.525 0.606 0.579 0.642 0.571 
(40,40,40) 0.128 0.028 1.480 0.225 2.687 0.582 
(40,40,-40) 0.128 0.028 1.525 0.226 2.896 0.554 
(40,-40, 40) 0.128 0.028 1.475 0.240 2.695 0.655 

),,( κωϕ  /” 

(40,-40,-40) 0.129 0.028 1.479 0.240 2.859 0.659 
(0.4,0.4,0.4) 0.566 0.400 0.566 0.400 0.566 0.400 
(0.4,0.4,-0.4) 0.566 0.400 0.566 0.400 0.566 0.400 
(0.4,-0.4,0.4) 0.566 0.400 0.566 0.400 0.566 0.400 

Collinearity 
Equations 

(Xs, Ys,Zs) /m 

(0.4,-0.4,-0.4) 0.566 0.400 0.566 0.400 0.566 0.400 
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4. Conclusions 
Based on the theory of space intersection and collinearity equations, mathematical models of each exterior 
orientation elements’ effects on direct georeferencing are proposed in this paper according to error 
propagation law. Three sets of actual data obtained by a POS which are different in mapping scales and 
terrains are used to experiment the theories in this paper. Results show that effects of exterior orientation 
elements on direct georeferencing based on space intersection are larger than which based on collinearity 
equations. Effects of exterior orientation elements on direct georeferencing in practice are larger than which 
in theory because errors of image points coordinates and check points can’t be eliminated in direct 
georeferencing. Errors of direct georeferencing increases linearly with the errors of exterior orientation 
elements, and errors caused by angle errors of exterior orientation elements depend on mapping scale, 
whereas errors caused by line errors have no relationship with mapping scale basically. For direct 
georeferencing based on collinearity equations, errors of line elements arouse translation of ground points 
coordinates while they have no effect on theoretical accuracy of direct georeferencing. For direct 
georeferencing based on space intersection, different combinations of the same accuracies of exterior 
orientation elements cause different effects on ground points coordinates. For direct georeferencing based on 
collinearity equations, effects of different combinations of exterior orientation elements errors on direct 
georeferencing are the same basically, especially which caused by line elements’ errors. 
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