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Abstract 
Utilizing spatial properties of forest attributes may provide increased accuracy in forestry 
remote sensing applications, compared to common non-spatial methods. Spatial models are 
often complex and their inference are usually difficult, though. Such problems may be 
addressed using Bayesian models, estimated using the computer-intensive Markov-Chain 
Monte Carlo (MCMC) stochastic simulation methods. This article presents a Bayesian state-
space model of forest attributes using field measurements and remote sensing data. The model 
is defined on a spatial lattice where each lattice cell corresponds to the spatial extent of one 
raster cell measurement in the remote sensing data. As prior distribution function, the 
Conditional Autoregressive model (CAR) is utilized since it is well defined for simulation using 
the Gibbs sampler. The parameters of the CAR were estimated using a variogram model. 
Inference is provided by the MCMC method Gibbs sampler, a method which allows inference 
of very complex models. That is, estimation is made by simulating from the posterior 
distribution (conditional to the available field measurements and remote sensing data). A case-
study is presented where the model is applied to produce a 5917 ha large raster map of forest 
stem volume using field measurements and Landsat 5 TM data in northern Sweden. This 
corresponds to estimation of a parameter vector of size exceeding 360 000. The mapping 
accuracy was assessed using sampled field plots and field measured forest stands, not utilized 
in the model. Simulations made using Gibbs Sampler did converge to reasonable realizations 
of the forest, in spite of the very large size of the estimated parameter vector. The general 
mapping accuracy was low, though, 76.1% root mean square error (RMSE), in per cent of the 
mean, for raster cell (25 by 25m) predictions, and 60.5% RMSE for stand (0.5 – 22.1 ha) 
predictions. The methodology shows substantial potential although further development of the 
model would clearly be beneficial. 

Keywords: Markov-Chain Monte Carlo, Gibbs Sampler, Bayesian models, forestry, Remote 
Sensing 
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1 Introduction 
Models relating a forest attribute, such as stem volume, to spectral data are used in forestry 
remote sensing to produce raster maps. These models are generally estimated using field 
measurements with accurately determined positions which enable extraction of corresponding 
spectral properties from remotely sensed data. Then, a model of the forest attribute as function 
of the spectral features is fitted and used to predict the forest attribute in raster cells not 
measured in the field. There are many techniques employed for this purpose, such as ordinary 
least-squares (OLS) regression (Tomppo, 1988; Hagner, 1990; Trotter, Dymond and Goulding, 
1997; Dungan, 1998), Neural Networks (Tatem et al., 2001; Foody and Boyd, 1999; Foody, 
2000) and k Nearest Neighbour (kNN) estimation (Kilkki and Päivinen, 1987; Muinonen and 
Tokola, 1990; Tomppo, 1990). Including spatial, as well as spectral, information of the forest 
attribute may provide means to increase the prediction accuracy. For doing this, there are a few 
approaches such as cokriging (Cressie, 1993) and spatial regression (Upton and Fingleton, 
1985; Cressie, 1993), but a Bayesian state-space approach may provide a versatile tool for 
incorporating spatial and other information in such predictive models.  

In the Bayesian approach, data as well as true values of model parameters are assumed to be 
generated by stochastic mechanisms (Gilks, Richardsson and Spiegelhalter, 1996). The 
uncertainty of the parameters before the data are observed is modelled by the prior distribution, 
with distribution parameters - hyper parameters. Estimation of parameters is made from the 
distribution of the parameters conditional on the observed data - the posterior distribution. The 
posterior models the uncertainty of the parameters remaining when data have been observed. 
In raster mapping, the aim is to predict the attribute of interest for each cell (or cell centre 
point) in a raster, i.e. a regular lattice. Then, using a spatial lattice model, spatial dependence is 
modelled by defining the neighbourhoods surrounding each cell where the cell is dependent on 
cells only within the neighbourhood. Examples of previously applied lattice models are the 
simultaneous autoregressive model (SAR) (Cressie, 1993), the conditional autoregressive 
model (CAR) (Cressie, 1993) and the autoregressive response model (Upton and Fingleton, 
1985).  

The prior distribution of the model presented in this study is based on the CAR model, because 
its definition is well suited for the simulation method applied. The class of pair-wise prior 
distribution functions (Besag et al., 1995) may also provide useful alternatives to the CAR 
model. The unknown parameter vector is a large vector consisting of values of a forest 
attribute for all raster cells. In the case-study conducted, the dimension of the prior is 360000.  

Previously, the application of Bayesian methods has been limited to models where the 
complete posterior and inference methods are available analytically. The large computing 
capacity available today enables utilisation of Markov Chain Monte-Carlo (MCMC) stochastic 
simulation (Gilks, Richardsson and Spiegelhalter, 1996) to infer parameters of highly complex 
posterior distributions, such as spatial models. In contrast to analytical solutions, MCMC 
methods provide random draws from the distribution of interest and inference is made using 
sample statistics from a large number of random draws. This is made by simulating a Markov 
chain constructed such that the distribution of interest is its stationary distribution. Then, after 
convergence of the chain, each simulated state is a random draw from the distribution of 
interest. The Metropolis-Hastings algorithm and the Gibbs sampler (Geman and Geman, 1984; 
Gilks, Richardsson and Spiegelhalter, 1996) are computationally intensive MCMC methods 
constructing such Markov chains. In the Gibbs sampler, this is made from only the distribution 
of each parameter conditional on remaining parameters and the data – the full conditional 
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distribution. In fact, it is sufficient to know the full conditional distribution only up to an 
unknown proportionality constant. Simulation of the next state of the Markov chain is made by 
updating each parameter at a time by a random draw from the full conditional distribution, 
conditional on the data, the current state and the already updated parameters. Thus, inference 
of highly dimensional posterior distributions can be done by simulation from the one-
dimensional full conditional distribution, a very important reduction of complexity.  

Diggle, Tawn and Moyeed (1998) used the Bayesian approach to extend the geostatistical 
method of kriging within a more general distribution framework than Gaussian distribution. 
The incorporation of spatial smoothness in the analysis using Markov random field proved 
very useful in extending the existing methods. This paper is similar in that it approaches the 
problem of incorporating spatial properties of data in the predictive model, although we use 
different models for spatial smoothness.  

The aim of this paper is to propose a Bayesian state-space model of a forest attribute using 
field measured and remotely sensed data, suitable for inference using Gibbs sampler 
simulation. The model is applied to the mapping of stem volume of growing stock using 
Landsat 5 TM data with 25 m cell size. It is carried out on a 12.5 by 12.5 km test site in 
northern Sweden using a large dataset of measured and georeferenced field plots.  

2 Material 
The data used in this study were collected on a 5917 ha forest estate owned by a forest 
company. This area is located 65 km NNW (Lat. 64°14’N, Long. 19°40’E) of Umeå in 
northern Sweden and consists of fairly homogeneous and rather intensively managed forest. 
Two datasets were used: first, data from a sample-plot survey were used to build the models 
and evaluate the prediction accuracy on plot level. Secondly, data from a survey of forest 
stands were used for evaluating prediction accuracy of stand-sized raster cell aggregations. 

The sample-plot data were surveyed in 1996 using systematic and stratified sampling of 2427 
circular plots with a 10 m radius. The majority of the plots, 1954 plots, were allocated in a 
systematic grid with stratum-unique grid spacing. The remaining 473 plots were allocated to 
assess the spatial dependency at distances shorter than the systematic grid spacing. Sampling 
was made using the sampling and estimation routines of the Forest Management Planning 
Package (Jonsson, Jacobsson and Kallur, 1993). In particular, each tree was callipered and 
several additional parameters were measured on a sub-sample of trees. The variation in stem 
volume was 0-479 m3ha-1 (134 m3ha-1 mean value) for the 1954 systematic grid plots, and 0-
428 m3ha-1 (116 m3ha-1) for the 473 additional plots. The position of each plot was measured 
using differential GPS equipment (Trimble SVeeSix GPS receiver, DCI RDS 3000 radio 
receiver using Terracom EPOS differential correction service with 1 m nominal accuracy).  

Forest stand data were surveyed in the year 2000. Fifty-one stands (0.5-22 ha) were randomly 
selected and surveyed using systematic sampling of field plots and the sampling routines 
described above. On average, nine plots were measured in each stand. Only the estimated stand 
stem volumes, compensated for four years of additional growth from the 1996 state, were used 
from this survey.  

The remote sensing data used was a geometrically precision corrected Landsat 5 TM scene, 
acquired on the 11th of August 1996 (path 193, row 15). The study area was completely 
covered by a 600 by 600 pixel area of the image, and was cloud-free.  
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Data showed an exponential relationship between stem volume and the remotely sensed DN 
values. The stem volume data were logarithmically transformed, volumetransformed = 
ln(volumeoriginal + 1), to linearise the relationship, and enable linear modelling. A term of 1 was 
used to avoid the problem with zero stem volumes. The mid-infrared band (TM5) showed the 
highest correlation with the transformed stem volume data and was the only band used in the 
case study. The importance of TM5 is in accordance with previous studies (Franklin, 1986; 
Trotter, Dymond and Goulding, 1997). 

3 Methods 

3.1 Model 
Let θ be the (n×1) parameter vector of n raster cells targeted for inference, in this case study, 
using logarithmically transformed values. Let x be the (n×1) vector of corresponding one-band 
remote sensing data, and y be the (m×1) vector of field measurements of m elements of θ, 
where m is usually much smaller than n. In the case study, the model is applied using 
logarithmically transformed field measurements. Furthermore, let the unknown forest attribute 
value (raster cell) corresponding to yk be denoted by θ[k], and the prior density by f(θ). The aim 
is to assess the posterior distribution, f(θ | x, y) which is an n-dimensional conditional 
distribution of the joint distribution, f(x, y, θ). This is made by stochastic simulation using the 
Gibbs sampler. The Gibbs sampler is based on repeated sampling from the full conditional 
density f(θi | x, y, θ-i), i.e., the distribution of each parameter θi conditional on the data, x and y, 
and all other parameters θ-i (Gilks, Richardsson and Spiegelhalter, 1996). Furthermore, it is 
sufficient to know f(θi | x, y, θ-i) only up to a constant of proportionality. Then,  
f(x, y, θ) = f(x | θ)f(y | θ)f(θ), assuming independence of x and y conditional on θ. Since 

( ) ( ) ( )iii fθff −−= θθθ | , the full conditional distribution is: 
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where ∝  denotes proportionality. Thus, the full conditional distribution is a product of the 
factors f(x | θ), f(y | θ) and f(θi | θ-i).  

The factor f(θi | θ-i) corresponds to a proper prior f(θ) as well as providing a form of the 
conditional distribution useful for simulation. Here, the conditional autoregressive model 
(CAR) (Cressie, 1993) is utilised, where f(θi | θ-i) is a Gaussian density with 

mean ( )∑
=

−+
n

j
jijc

1
µθµ  and variance τ2. The variance-covariance matrix of the CAR model is 

Var(θ) = τ2(I-C)-1 where C is the symmetric (n×n) matrix with elements cij such that I-C is 
positive definite. Each cij is a weight describing the degree of similarity between θi and θj. The 
CAR parameters can be inferred from the expectation and variance-covariance matrix of the 
true θ process (Cressie, 1993). This may not be possible in practice for very large vector 
dimensions, due to the necessity of inverting an (n×n) matrix.     

The factor f(y | θ) is the distribution of the field measurement data conditional on the true 
forest attribute. In practice, the measurements are not usually made on the same spatial support 
as the raster cells θ are defined upon. The size of a field measurement plot is only 
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approximately equal to a cell, and cell and plot centres are seldom aligned. Here a 
simplification is made; a raster cell is assumed measured if there is a field plot centre within 
the cell and this is regarded as a measurement of the complete cell. Each yk-value is assumed to 
be an unbiased and independent measurement of the corresponding θ[k]. Thus, 

[ ]∏
=

=
m

kkyff
1

)|()|(
k

θy θ . Furthermore, from the Central Limit Theorem it is reasonable to 

assume a Gaussian distribution for yk, with mean θ[k] and variance σε
2. In the context of the full 

conditional distribution, for a field measured cell, only the factor in f(y | θ) corresponding to 
the measured cell is important because the remaining factors are constant as a result from the 
conditioning. Then, f(yk | θ[k]), when considered as a function of θ[k], is also a Gaussian density, 
i.e., θ[k] ~ N(yk, σε2). There are several properties of remote sensing data which can be 
considered in f(x | θ). First, the image digital numbers, given θ, are not independent. The 
dependence structure is complex, determined by many factors such as technical characteristics 
of the sensor, sensor movement direction and the image processing applied to geo-reference 
the image. These effects are not modelled here. Second, satellite sensor data is often a 
weighted response from an area larger (and different in shape) than a single pixel. This process 
is determined by the sensor specific point-spread function and the atmospheric conditions at 
the time of acquisition. Here, the general approach is to assume the remote sensing data, xi, to 
be independent, given θ, measurements of the corresponding θi. Then,  

∏
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1
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where f(xi | θi) is modelled by a Gaussian density with mean α + βθi and variance σx
2. In the 

context of the full conditional density, when considered as a function of θi, f(xi | θi) is 
proportional to a Gaussian density function of θi: 

θi ~ N((xi - α)/β,  σx
2/β2) (3) 

Simulations from the posterior using the Gibbs sampler are made using a Markov Chain 
constructed such that the posterior appears as the stationary distribution. Then, after the chain 
has converged from the initial state t=0, each successive state is a random draw from the 
posterior. Simulation of the next state, t+1, of the Markov chain is based on the current state, t, 
by updating each parameter one at a time (Gilks, Richardsson and Spiegelhalter, 1996): 
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Since the factors in Equation 1 are modelled by Gaussian densities, the full conditional density 
is also Gaussian. We have, somewhat informally,  
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Posterior expectation and variance are estimated by the corresponding ergodic sample statistics 
of the random draws generated by the Gibbs sampler (Gilks, Richardsson and Spiegelhalter, 
1996).  

3.2 Parameter estimation and approximation 
The focus is on estimation of the parameter vector θ, although the model contains several other 
parameters as well. A common approach in MCMC applications is to incorporate all 
parameters, using appropriate priors, in the Gibbs sampler (e.g. Gilks, Richardsson and 
Spiegelhalter, 1996; Diggle, Tawn and Moyeed, 1998). However, this approach is not 
investigated in this study since the expected performance of such a model and the results are 
unclear. In this study, the aim is to explore the potential and drawbacks of the Bayesian state-
space approach. Therefore, for control, the parameters, except θ, are estimated prior to 
simulations using the available data.  

The parameters of the CAR process corresponding to the estimated expectation, variance and 
spatial covariance of the true θ process were determined approximately using Gibbs sampler 
simulation, prior to simulation of the complete model. The full conditional distribution 
necessary for Gibbs simulation of the CAR process is available by the definition of the CAR 
model directly. A variety of different values for cij, µ, and τ2 were tried. The properties of the θ 
process were estimated from the field measurement data, y, assuming second-order stationarity 
of the θ process. Each yk–value is an observation of the stochastic variable Yk, where  
Yk = θ[k] + εk,    εk ~ N(0, σε2). Furthermore, let Cov(θi, θj) = C(h), where h is the Euclidean 
distance between cells i and j. Then, Cov(Yi, Yj) = C(0) + σ2

ε if i = j, and Cov(Yi, Yj) = C(h) 

else. Thus, the estimators used are ,ˆ y=µ ,ˆ)(ˆ)(ˆ 2
εσθ −= ii YarVarV  and Cθ(h) = )(ˆ hCy if  

h > 0, and Cθ(h) = 2ˆ)(ˆ
εσ−hCy  if h = 0. The spatial covariance function of Y is inferred by the 

semivariogram, γ(h), an alternative to the classical covariance estimator less affected by 
outliers (Cressie, 1993). Assuming second-order stationarity, the covariance function can be 
determined from the semivariogram, )()0()( hhC yyy γγ −= . 

The parameters cij are the elements of C which contains, in row i, the spatial weights cij for the 
j which are neighbours to i and zeroes elsewhere. These weights describe the degree of 
similarity between locations i and j. Here, cij were determined by selecting a neighbourhood 
size and, for neighbourhood sizes larger than one cell, a model, w(h), of the cij as a decreasing 
function of the distance h between θi and θj. Several models were tried and the best results 
were obtained using w(h) = a exp(-h/r), with a determined such that the sum of weights for 
each i equals one. 

The field data precision, σε
2, is the complex result of aggregating single-tree estimations on 

each plot. In a spatial model, it is also affected by spatial positioning error and it is difficult to 
quantify each error source separately. Here, σε

2 was estimated by the nugget effect in the 
semivariogram, )(ˆ hyγ , estimated from the data y. However, it may be a biased estimate since 
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the estimated nugget effect is an estimate of the sum of the measurement error variance and, if 
existing, a spatial micro-scale variation component (Cressie, 1993).  

Parameters of the remote sensing data model, α, β, and σx
2, were estimated using OLS 

regression of x on y.  

3.3 Case study 
The model is not suitable for non-forested areas such as lakes, bogs, and roads. For example, 
areas of open water are generally very dark in the remotely sensed image and will be modelled 
as a very dense forest. This erratic result is expected to propagate to areas surrounding the 
lakes due to the spatial dependence of the model. Furthermore, the field data are collected in 
forested areas only. Here, the model is applied as though the modelled forest process is global, 
and as though there is a process of non-forested areas super-imposed on the forest process. The 
non-forest areas are characterized by absence of remote sensing data and field measurements. 
Thus, there will be three different cases of updating θi in the Gibbs sampler:  

1) Cell i is forest area and is not measured in the field. The parameter θi is updated by a 
draw from N(ν1, σ1

2),  
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2) Cell i is forest area and is measured in the field. The parameter θi is updated by a 
draw from N(ν2, σ22), 

( ) ( )
2222

2

1

22

2 /1/1/

///

τσσβ

τµθµσσαβ
ν

ε

ε

++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+++−

=
∑

=

x

n

j
jijkxi cyx

 
(7) 

2222
2
2 /1/1/

1
τσσβ

σ
ε ++

=
x

 (8) 

from the definition of the CAR model and Equations 2, 3, and 4. 

3) Cell i is non-forest area. The parameter θi is updated by a draw from  

( ) ⎟⎟
⎠

⎞
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−+ ∑

=

2

1
,τµθµ

n

j
jijcN  (from the definition of the CAR model). 

Simulations are made using field data from the regularly spaced field plots and remote sensing 
data from Landsat TM5. Prediction accuracy is assessed using the 473 plots surveyed to assess 
spatial dependence at small distances, and using the 51 surveyed forest stands (c.f. Gilbert and 
Lowell, 1997). Each cell corresponding to a field plot or within a stand is predicted by the 
average of simulations of the posterior:  
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where s is the total number of simulations, b is the number of burn-in iterations and t is the 
iteration index. Stand predictions are made by the average cell prediction within each stand. 

4 Results 
The sample statistics of the field data, logarithmically transformed and corrected for the 
stratification effects, showed an average of 3.80 and variance of 3.14, in units on the 
logarithmically transformed scale. The estimated semivariogram is presented in Figure 1. The 

nugget component was 0.143, and was used to estimate 2
εσ .  

Table 1 and Figure 2 present results from simulations (using 50000 iterations) of the prior, the 
CAR model. The ergodic average stabilised approximately at t=5000. Using cij = 0.2425exp(-
h/33), 50 m neighbourhood size, µ=3.80, and τ2=1.4 resulted in simulated states with mean, 
variance, and spatial covariance corresponding approximately to the estimated statistics of the 
true forest process.  
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Figure 1 Estimated semivariance (left) and covariance (right) of the field plot measured stem volume data. 

Point-estimations (♦) and fitted models (-). 
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Figure 2 Simulation images of a 2500 by 2500 m part of the study area. Ergodic averages were estimated 
using a burn-in period of 5000 iterations. Landsat TM image produced by Satellus/Metria. 

 

Table 1 Estimated statistics of simulated states. Note: the range parameters are approximated subjectively 
from spatial covariance estimates. 

Iteration  CAR  Case study  

no.  

θ  

 
s2 

Range 
  [m] 

 

θ  

 
s2 

Range 
[m] 

200 3.77 2.80 500  3.75 3.55 750 

600 3.67 2.83 800  3.76 3.67 800 

1000 3.78 2.90 1000  3.56 3.65 800 

2000 3.54 2.99 1100  3.67 3.57 800 

10000 3.65 3.03 800  3.52 3.71 750 

20000 3.77 2.94 1000  3.41 3.54 700 

50000 6.67 2.94 1000  3.69 3.65 800 
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Table 2 Accuracy of plot and stand predictions. Bias is defined as predicted value – the measured value. 
Root mean square error (RMSE) is presented in per cent of the mean. 

 Prediction of volumetransformed  Prediction of volumeoriginal  

 Bias sresidual RMSE 
[%] 

Bias 
[m3ha-1] 

sresidual  
[m3ha-1] 

RMSE 
[%] 

Plots -0.0818 1.02 25.6 -14.3 87.1 76.1 

Stands - - - -24.8 84.2 60.5 

5 Discussion 
The Gibbs sampler applied to the model produced reasonable simulations of the forest 
attribute. The results clearly showed the expected decrease in uncertainty of the parameters due 
to the observation of data. Furthermore, each simulated state shows the properties expected of 
a realisation of the forest process. It is not an improvement compared to the commonly applied 
prediction method, standard regression. Previous studies made on this dataset report prediction 
accuracy of non-spatial regression of 80% RMSE for prediction of plots and 48% for stands 
(Wallerman, Vencatasawmy and Olsson, 2003a, b).  

The states simulated in the case study show higher variance than expected. There are several 
probable causes for this. First, the model may not describe the true structure of the spatial 
variation in the forest very well. Second, the results are probably very dependent on the remote 
sensing image since it contains a large amount of data compared to the set of field sampled 
plots. The spatial variation of the simulated states is clearly heavily influenced by the image 
and shows the structures of forest patches. This structure may be super-imposed on the 
modelled, smooth spatial variation and result in exaggerated variance. There may also be 
extreme values in the image, such as bright exposed rock and small wet areas, which 
substantially affects the variance.  

The methodology applied here suggests that the Bayesian approach in combination with the 
Gibbs sampler provides possibilities to apply complex models for forestry remote sensing. The 
model presented here can clearly be improved further, by additional incorporation of model 
parameters in the MCMC simulation process using proper prior distributions, proper treatment 
of the field measurements (i.e., not assuming each plot to be co-located with a raster cell), and 
possibly development of the model to fit the distribution of the modelled attribute more 
closely. 
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