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Abstract 
The height supplied by the GPS system is merely mathematics. In most studies the height shall 
be referred to the Geoid. With a sufficient number of Level References with known horizontal 
and vertical coordinates, it is almost always adjusted by polynomials of Least Squares Method 
that allow the interpolation of geoidal undulations. These polynomials are inefficient when 
extrapolating the data outside the study area. Thus the aim of this work is to present a new 
method for modeling the surface of Local Geoid based on the technique of Artificial Neural 
Networks. The study area is the Hydrological Basin of Rio dos Sinos which is located in Rio 
Grande do Sul State – Brazil and for the training of the neural network undulations data 
supplied by the MAPGEO2004 program was used. The program was developed by the 
Instituto Brasileiro de Geografia e Estatística (Brazilian Institute of Geography and Statistics) 
with an absolute error band bigger than 0.5 meter. Even with such a big error, the data 
supplied by MAPGEO2004 can be used in the training of a neural network, because it is 
tolerant to errors and noises. The efficiency of the model was tested in 8 points with known 
undulations and distributed throughout the study area. On these points the model has 
presented, through calculated discrepancies, a root mean square error of 0.170 meter, 
approximately. The study shows that this method can be an alternative in modeling local 
and/or regional Geoid. 
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1 Introduction 
The shape of a geoid is directly related to the Earth’s gravity field. However, the ellipsoid is a 
mathemathical surface with shape and dimensions similar to a geoid and used in geodesic 
surveys as a reference surface in the horizontal positioning. These surfaces are generally 
neither coincident nor parallel and this separation between the geoid and ellipsoid surfaces is 
called undulation or geoidal separation (Gemael, 1999). 

The geometric height supplied by the GPS system is a merely geometric value. With all the 
potencial of this system to obtain horizontal coordinates today one of the great objectives is 
also to obtain orthometric heights. For this, it is necessary to know the geoidal undulation with 
good confidence.  

One of the solutions to minimize this problem is the local characterization of the Geoid. This is 
usually done through mathemathical surface adjustments to geoidal undulations values 
obtained from an algebraic difference between the geometric and the orthometric heights. The 
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most common models are the polynomials of different degrees where the determination of 
their coefficients is obtained by the Least Squares Method – LSM. 

According to Veronez (2005), these models have the inconvenience of not extrapolating 
undulations values outside the study area and the quality of the data used in the adjustment 
process by the LSM influences significantly the results processed.  

Nowadays, artificial intelligence techniques are being used to go round some problems that 
come up in adjustments by the LSM and facilitate the modeling in different areas of 
knowledge. Among these techniques, the use of Artificial Neural Networks – ANNs can be 
cited. 

Even being this technique widely used in other areas of knowledge, in Surveying it is not much 
used. Among the researches already developed relating ANNs it can be cited: the digital 
processing of satellite imageries developed by Pandey et al. (2001) and the numeric modeling 
of terrain (Baca, 2001). 

The GPS system is often used only as a guiding and navigation tool. Lora et al. (1998) 
developed a method where the idea is to provide a good automation level in vessels that would 
be guided by this system. In this application, ANNs are used in adaptive training of machines 
and the GPS only serves to provide part of the pattern of external inputs, that is, the 
coordinates of points for the neural network. 

Hernández-Pajares et al. (1997) propose and apply the modeling of Total Electrons Content 
(TEC) of the ionospheric layer and seek to quantify its effects in the propagation of the GPS 
signal using the Self Organizing Map (SOM) and Hopfield models. Leandro (2004) has also 
verified the possibility of using ANNs in the TEC modeling in Brazilian conditions. 

Da Silva (2003) has showed that it is possible to estimate GPS observables using ANNs based 
on data provided by the Rede Brasileira de Monitoramento Contínuo – (RBMC) (Brazilian 
Network for Continuous Monitoring). 

Maia (2003), through gravimetrical data, proposed a study to model Local Geoid based on 
ANNs. In this study the author has showed that even if the data used in the modeling is not so 
refined, neural networks may be an alternative for obtaining geoidal undulations, what 
indicates that it is possible to use data supplied by the MAPGEO2004 program to develop a 
neural model for defining local and regional geoidal surfaces. 

For the verification of the efficiency of the model 8 level references from IBGE’s (Fundação 
Instituto Brasileiro de Geografia e Estatística) High Precision Leveling Network were used 
with known values of geoidal undulations through tracking with GPS receptors on them.  

2 Objetives 
The aim of this research is to propose an ANN to model the Geoid surface using the 
backpropagation algorithm or one of its variations through supervised training by geoidal 
undulations values supplied by the MAPGEO2004 program developed by IBGE. For this study 
the Hydrological Basin of Rio dos Sinos which is located in Rio Grande do Sul State – Brazil 
was used as testing area. 
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3 Interpolation of geoidal surface through GPS system 
The horizontal position of a point on the terrestrial surface is determined by its latitude and 
longitude on a determined reference ellipsoid. The most intuitive altimetric positioning is 
given by the range on the vertical line between the point and a surface, usually associated to 
the mean sea level.  

The orthometric height is dependent on Earth’s gravity field. The vertical datum of the 
orthometric heights system is the geoid. In Brazil, the determination of the vertical datum was 
obtained from a tide-gauge installed in the catarinense seaside, more precisely in Porto 
Henrique Lajes, located in the city of Imbituba, Santa Catarina State. 

Until a few decades ago it was taken for granted that the mean sea level should, theoretically, 
coincide with the geoid. Based on this imposition, the positioning of the vertical datum (geoid) 
in relation to a reference mark would be reduced to the determination of the position of the 
mean sea level. The determination of the mean sea level is calculated from the notes of the 
instantaneous sea level collected from tide-gauge stations (Arana, 2005).  

According to Arana (2005), the definition of vertical datum is rather complex because it 
involves several physical phenomena that can be changing the position of the geoid constanly 
in relation to the reference surface (ellipsoid). 

The determination of the orthometric height through GPS implies the knowing of the geoid 
undulation with precision compatible to the desired altitude component.  Nowadays, the most 
used techniques for determining the geoid with high precision, aiming the levelling with GPS, 
basically consists in the representation of geoidal heights through distinct components called 
global, regional, and local. The global component is determined from the coefficients that 
represent the ellipsoid of revolution (Torge, 1980). 

Thus, knowing at least three LRs, non collinear, with geometric heights determined by GPS, it 
is possible to determinate the geoidal undulation of these points, and from these undulations, 
determinate a plane, or polysurface, that represents the approximate shape of the geoid in the 
region. Fielder (1992) and Collier & Croft (1997) show mathematical models (interpolation 
models) that represent the geoid in the region. 

In the next item a new method for determining geoidal undulations through Artificial Neural 
Networks will be presented. 

4 Artificial neural networks applied in the determination of geoidal undulations 
Basically, an Artificial Neural Network is a non-algorithmic technique based on systems of 
equations that are usually nonlinear and linked, in which the output value (result) of an 
equation is the input for other several equations of the network. The Neural Network is formed 
by artificial neurons. These ones have been projected to have an analog behavior in relation to 
the Biological Neurons. 

Formally, according to Haykin (1999), an artificial neural network is a distributed parallel 
processor, consisting of simple units of processing with which knowledge can be stored and 
used for consecutive assessments. Its behavior reminds the human brain by two aspects: 
knowledge is acquired through a process of learning and the connections among the neurons, 
known as synaptic weights, are used to store the acquired knowledge. 
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4.1 Artificial Neuron 
The Neural Network is formed by processing units called “Artificial Neurons”. Each neuron 
has the following behavior: input data is multiplied by the synaptic weights (wki), added and 
subjected to an activation function that provides the output as Figure 1 illustrates. 
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Figure 1 Artificial Neuron. Adaptation from (Haykin, 1999). 

Among the several kinds of existing neural networks, the Multilayer Perceptron Model (MLP) 
was chosen because its implementation is easy and it is relatively simple. 

The MLP networks show a great computing power due to the insertion of intermediate layers 
that differ from the Perceptron model originated by Rosemblatt (1958) which only had one 
level of neurons connected directly to the output layer. 

The solution for separable nonlinear problems can be worked out by the use of networks with 
one or more intermediate layers. The network is then formed by at least three layers: the input 
one, the intermediate or hidden one, and the output one. 

According to Cybenko (1989), a network with an intermediate layer can implement any 
continuous function and with two intermediate layers, it is possible to approximate to any 
mathematical function. 

4.2 Generalized Delta Rule and Backpropagation Algorithm 
The generalized delta rule is the most used learning rule for training a MLP network. It 
consists on the application of the gradient descent by the use of the Backpropagation 
algorithm. 

When a determined pattern is supplied to the network for the first time (first learning cycle), it 
produces a random output. The difference between this output and the desired one is the error. 
The Backpropagation algorithm is responsible for the calculation of the error functions. The 
aim of the training phase is to constantly reduce its value. For this, the weights must be 
updated every new iteration. Equation 1 shows the error function MSE – Minimum Squared 
Error. 

It is important to mention that the ANN’s input and output data go through a process of 
normalization where they are usually grouped with intervals between [0 and 1] or [-1 and 1]. 
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where:  

pjd and pjy  = desired and obtained output values 

j = a neuron of the output layer 
p = pattern of the neural network 

5 Materials and method 
One of the great difficulties in working with ANNs applied to the area of Mensuration is to 
have data for training and validation of what it is proposed to be modeled. Because ANNs are 
tolerant to errors and noises it was chosen to develop trainings with data of geoidal undulations 
supplied by the MAPGEO2004 program.  

According to IBGE (2004) “the Model of Geoidal Undulation has a resolution of 10´ arc based 
on Stokes’ integral through the technique of fast Fourier transform (FFT). The data used in the 
process were: 

• Helmert’s mean anomalies in 10´x10´ grid in continental areas, obtained from 
IBGE’s gravimetric data and several institutions in Brazil and in nearby countries. 

• derivative anomalies of altimetry by radar on board of satellite in oceanic areas using 
the KMS-99 model. 

• digital model of terrain with 1’x1’ resolution obtained from the digitalization of 
topographic maps, and when they were not available, using the GLOBE model. 

• EGM-96 geopotential model up to 180” degree and order. 

According to IBGE (2004) the standard error of the mean of MAPGEO2004 is ± 0.50 m, being 
able to have bigger errors in some Brazilian regions.  

Even with this level of quality, the undulations data supplied by this program can be used in 
ANNs. 

The study area (Figure 2) was the region of the Hydrological Basin of Rio dos Sinos which is 
located in Rio Grande do Sul State. 

 

 
Figure 2 Illustration of the Hydrological Basin of Rio dos Sinos. 
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For the verification of the efficiency of the porposed model, 8 Level References – LRs from 
IBGE’s High Precision Levelling Network were used. On these points tracking with LEICA’s 
dual frequency GPS receptors was done by the static differential process with duration of three 
hours each point and 15s observation rate. 

All modeling was based on SIRGAS reference system (Geodesic Reference System for the 
Americas). By this reason, it was necessary to make the points used in the validation of this 
system compatible. Table 1 lists the vertical coordinates of the 8 LRs distributed throughout 
the study area. A geoidal height variation of 1.267 m is observed in all region, being 5.890 m 
the maximum value and 4.624 m the minimum value. 

Table 1 Identification of LRs used in the process of validation of the porposed model associated to the 
Geodesic Reference System – SIRGAS. 

Point 
 

Orthometric Height 
(m) 

Geometric Height 
(m) 

Geoidal Undulation 
(m) 

1775N 26.834 31.458 4.624 

1775G 586.336 592.226 5.890 

1775H 583.166 588.868 5.702 

1775P 109.985 115.503 5.518 

1776B 170.864 176.021 5.157 

1776F 36.209 41.095 4.886 

1776J 22.154 27.092 4.968 

1785A 91.472 96.846 5.374 
 

In order to generate the data to be used in the training process of neural network mesh points 
involving all the study area were created. With the UTM coordinates of the points of this grid 
geoidal undulations were obtained through the MAPGEO2004 program. This way it was 
possible to structure a neural network with two inputs (North and East UTM coordinates) and 
one output (geoidal undulation). 

The training of the neural network was done with mesh points spaced 5x5 km (314 points), 
approximately, according to Figure 3. 

 

 Points used in the modeling by 
Artificial Neural Networks – ANNs 
Points used to validate 
the model 

 
Figure 3 Illustration of grid points (5x5 km) used in the modeling by ANNs with UTM coordinates 

associated to SIRGAS reference system and Central Meridian 51ºW. 
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Several network topologies were used, but the one that showed the best results was the [2-5-3-
2-1] type, through Levenberg-Marquardt’s algorithm, with the following configurations: data 
inputs that were the UTM coordinates of the points of the grid; 3 intermediate layers being the 
first one with 5 neurons, the second one with 3, and the third one with 2 and 1 output that was 
the geoidal undulation supplied by the MAPGEO2004 program. 

The activation function of the intermediate layers was the sigmoidal hyperbolic tangent. The 
learning rate used was 0.3, the momentum term was 0.9, and a total of 600 cycles of training.  
Figure 4 illustrates the structure of the network used. 

 

 

Geoidal

UTM (N)

UTM (E)

Undulation

 
Figure 4 Topology of neural network used in the modeling. 

The program used to do the simulations with ANNs was the Matlab, through the Neural 
Network Toolbox module. 

6 Results and discussions 
The analysis of the efficiency of the model proposed was based on the obtention of the 
discrepancies between the values of known geoidal undulations of the 8 points listed in table 1 
and the ones obtained in the modeling by ANNs according to the equation below: 

( ) )calculated(Known NNN −=∆  (2) 

where: 
∆N = discrepancy in the obtention of the geoidal undulation; 
N(known) and N(calculated) = geoidal undulations known through tracking with the GPS 

system and on level references and obtained through modeling by neural networks, 
respectively. 

Table 2 shows the results of the processing. The first column shows the identification of the 
LRs; the second the geoidal undulation taken as true; the third the geoidal undulation obtained 
by ANN; the forth the geoidal undulation obtained by the MAPGEO2004 program; the fifth 
the discrepancy in the obtention of the geoidal undulation through ANN, and the sixth, the 
discrepancy in the obtention of the geoidal undulation through the MAPGEO2004 program. 
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Table 2 Discrepancies of geoidal undulations obtained with the modeling by ANNs and by MAPGEO2004 
with spaced 5x5 km mesh points. 

Points 
 

N(known) 
(m) 

N(ANN) 

(m) 
N(MAPGEO2004) 
(m) 

∆N(ANN) 
(m) 

∆N(MAPGEO2004)

(m) 

1775N 4.624 4.663 4.15 -0.039 0.474 

1775G 5.890 5.866 4.85 0.024 1.040 

1775H 5.702 5.408 4.83 0.294 0.872 

1775P 5.518 5.300 4.60 0.218 0.918 

1776B 5.157 5.143 4.33 0.014 0.827 

1776F 4.886 4.826 4.27 0.060 0.616 

1776J 4.968 4.982 4.18 -0.014 0.788 

1785A 5.374 5.223 4.59 0.151 0.784 
 

Analyzing the results listed in Table 2, we have: 
• The sum of the squares of the discrepancies calculated were 0.163 m and 5.194m, 

respectively, for the modeling by ANNs and by MAPGEO2004; 
• The average discrepancies were 0.089 m and 0.790m, respectively, for the modelings 

by ANNs and by MAPGEO2004; 
• The maximum values of the discrepancies were 0.294 m and 1.040 m, respectively, 

for the modelings by ANNs and by MAPGEO2004; 
• The absolute minimum values were 0.014 m and 0.474 m, respectively, for the 

modelings by ANNs and by MAPGEO2004. 

Below, the frequency distribution of discrepancies found for the values of the geoidal 
undulation of the LRs, obtained with the modeling by ANNs and by the MAPGEO2004 
program – Figure 5. Other statistical parameters of central tendency and dispersion are not 
showed because it is understood that a sample of 8 elements only is insufficient for a good 
estimative of them. The frequency distribution, however, allows a qualitative evaluation of the 
sample.  
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Figure 5 Frequency distribution of discrepancies found for the values of the geoidal undulation of the LRs 

obtained with the modeling by ANNs and by the MAPGEO2004 program. 

It is verified that there are significant differences either in values as in distribution 
characteristics. The modal class, in the case of MAPGEO2004, is placed in an error interval 
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from 0.60 m to 0.80 m with 50% of the data meanwhile in the case of modeling by ANNs in an 
error interval from 0.00 m to 0.04m also with 50% of the total of data. 

In relation to the shape the frequency distributions observed in the samples obtained by neural 
networks show more asymmetry when compared to the distribution supplied by 
MAPGEO2004 with noise in the observations. However, they show more efficient estimators 
of central tendency (Chatfield, 1998) if compared with the MAPGEO2004’s data. 

Having in mind that the distributions are asymmetric and that the samples have reduced size, it 
was used a non parametric test, the “Wilcoxon Rank Sum Test” (Mcclave et al, 1997) to 
compare samples. In this test, instead of using the parameters (average and standard deviation), 
the samples are analyzed, ordering by magnitude, the individual observations of the two 
samples together.  

Mann and Whitney apud Mood et al. (1997) have showed that the Rank Sum Test can be used 
for samples with 7 or more elements which can be approximated by a normal distribution with 
average and variance, respectively, given by: 

2)1nn(n)T(E 211A ++=  (3) 

12)1nn(nn 2121
2
TA

++=σ  (4) 

However, it can be used the statistic "" z  given by: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ++
⎟
⎠

⎞
⎜
⎝

⎛ ++
−=

12
)1(

2
)1( 2121211 nnnnnnn

Tz A
 (5) 

where: 

=AT Sum of the order numbers of sample “ A  ”; 

=21 n,n  Number of observations of samples. 

The following test of hypotheses was applied: 
• H0: The discrepancies average observed with Neural Network does not differ 

statistically from the one obtained with the MAPGEO2004 program 
)( RNAMAP µ=µ  in significance level of 99 %. 

• Ha: The discrepancies average observed with Neural Network is smaller than the 
average obtained with the MAPGEO2004 program )( RNAMAP µ<µ  in significance 
level of 99%. 

• Critical value of statistic “z” in significance level of 99%: 2.33. 
• Calculated “z” value for values obtained with the modeling with Artificial Neural 

Network:  3.33. 

Doubtless it is concluded that the discrepancies averages on geoidal undulation obtained with 
artificial neural networks show statistically smaller values than the ones obtained with the 
MAPGEO2004 program in significance level of 99 %. 
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7 Conclusions and Recommendations 
In this experiment, it was possible to verify that even with errors bigger than the level of 
accuracy of the MAPGEO2004 program (> 0.50 m), geoidal undulations supplied by this 
program can be used for training of a neural network. With the results found there is an 
expectation to generate neural models for Geoid modelings in Brazilian regions with a level of 
accuracy better than 0.300 m. 

In this research the conception of the model architecture of artificial neural network was done 
empirically. However, a great amount of time was spent in the search for the one that was most 
appropriate for the study region. It is certain that there still are other possibilities to configure a 
neural network that have not been tested yet and that can provide better results than the ones 
found.  

It is not concluded that the spaced 5x5 km mesh points is the most appropriate in the training 
process of the neural network. For this study region the results found were satisfactory. Even 
though, this does not discard the possibility of evaluating other spacing of the points. 

It was verified that on the control points 1775H and 1775P the discrepancies found were 
bigger than 0.200 m, what was different in other points that had values smaller than 0.15 m. 
The hypothesis that the problem of these two points is related to the tracking with the GPS 
system is not discarded. New measurings are necessary to verify the quality of the ellipsoid 
heights of these two points are necessary though. 

As recommendations, it is suggested to: 
• Develop experiments changing the quantity of points in the training process of the 

neural network; 
• Use other neural network models for obtaining a geoidal model.  An alternative 

would be the recurrent model in time;   
• Test other training algorithms and activating functions in neural network models for 

obtaining geoidal undulations. 

References 
Baca, J. F. M., 2001, Redes Neurais Artificiais (RNA) aplicadas na modelagem numérica do terreno. In 
Proceedings of the XX Congresso Brasileiro de Cartografia, 7 – 12 Oct, Porto Alegre, pp. 1-10. 
Chatfield, C.,1998, Statistics for technology. Chapman & Hall/CRC, pp. 377. 
Cybenko, G., 1989, Approximation by superposition of a sigmoidal function. Mathematics of Control, 
Signals and Systems, 2 (1), pp. 303-314. 
Da Silva, C. A. U., 2003, Um método para estimar observáveis GPS usando redes neurais artificiais. Tese 
– Escola de Engenharia de São Carlos – Universidade de São Paulo, pp. 113. 
Fiedler, J., 1992, Orthometric heights from global positioning system. Journal of Surveying Engineering, 
118 (3), pp. 70-79. 
Gemael, C., 1999, Introdução à Geodésia Física. Editora da Universidade Federal do Paraná. Curitiba, pp. 
304. 
Haykin, S., 1999, Neural networks: a compreensive foundation. 2ª Ed. Prentice-Hall, pp. 842. 
Hernandez P. M. et al., 1997, Neural network modeling of ionospheric electon content at global scale 
using GPS data. Radio Science, 32, (3), pp.1081-1089. 
Instituto brasileiro de geografia e estatística. Modelo de ondulação geoidal – programa MAPGEO2004. 
IBGE, Available online at: http://www.ibge.gov.br (last accessed 03 Mar 2005). 
Leandro, R. F., 2004, A new technique to TEC regional modeling using a neural network. In Proceedings 
of the ION GNSS - 2004, 20 – 21 Sept., Long Beach, Califórnia, pp. 1-9. 



7th International Symposium on Spatial Accuracy Assessment in Natural Resources and Environmental Sciences. 
Edited by M. Caetano and M. Painho. 

316 

Lora, F. A. S., Hemerly, E. M., Lages, W. F. Sistema para navegação e guiagem de robôs móveis 
autônomos. Controle & Automação, 9 (3), pp. 107-118. 
Maia, T. C. B., 2003. Utilização de redes neurais artificiais na determinação de modelos geoidais. Tese – 
Escola de Engenharia de São Carlos – Universidade de São Paulo, pp. 130. 
Mcclave, J. T.; Dietrich Ii, F. H.; Sincich, T.; (1997).Statistics. Seventh Edition. Prentice Hall. New Jersey.  
Mood, A. M.,Graybill, A. F., Boes, D. C., 1974. Introduction To The Theory of Statistics. Third Edition. 
McGraw-Hill International Editions. 
Monico, G. J. F, et al, 1996. Nivelamento de precisão usando o GPS e interpolação geométrica do Geóide. 
In Proceedings of the VII CONEA, 28 – 31 July, Salvador/BA - Brasil, pp. 1-8. 
Pandey, P. et al. Alternate neural network tools for pattern classification in satellite imageries. National 
Environmental Engineering Research Institute, Nehru Marg Nagpur, India. Available online at: 
http://www.gisdevelopment.net/technology/ip/techip0001.htm. (last accessed 15 Apr 2005). 
Rosemblatt, F., 1958, The Perceptron: A Probabilistic Model Of Information Storage And Organization In 
The Brain. Cornell Aeronautical Laboratory Phychological Review, 65 (6), pp. 386-408. 
Veronez, M. R. , Valles, T., Thum, A. B., 2005, Caracterização de modelo geoidal para uma região da 
bacia hidrográfica do rio dos sinos. GAEA, 1 (2), pp. 64-67. 
 




