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Abstract. Spatial autocorrelation must handle two kinds of geographic data. One is continuous valued 
variables in which the observations are real numbers. Another is nominal variables which consist of a set of 
discrete categories. The frequently used spatial autocorrelation statistic for nominal variable is “join-counts”, 
which deals with two categories that are often referred to as “black” and “white”. However, three categories 
are also common case in present world. For example, as to land cover, the attribute of each parcel may be 
changed, unchanged or uncertain which represents parcels not belonging to the first two categories. In three 
valued logic, values could be true, false or unknown. This paper extended join-counts to trinary join-count. 
The trinary categories are referred as “black”, “white” and “gray” in this paper and the possible type of joins 
are limited to black-black (BB), white-white (WW), gray-gray (GG), black-white (BW), black-gray (BG) and 
white-gray (WG). In order to calculating joins, we assign a trinary variable xi to each region with xi=1 if 
region is “black”, xi=0 if region is “white”, and xi=-1 if region is “gray”. Formulas for counting six kinds of 
joins are deduced. The aim of trinary join-counts is to test the null hypothesis that the values are assigned to 
the regions randomly and independently. Means and variance of trinary join-counts are calculated under 
sampling without replacement assumption. The tests statistic is computed by transforming the join-counts 
into standardized value. At last, two kinds of examples are designed. The first one is regular grid with trinary 
values, the selection of regular grid is particularly motivated by widely use of remote sensing data. The 
second one is irregular spatial regions, such as land cover statues. The results suggest that the trinary join-
count is useful and could be used in spatial autocorrelation analysis. 
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1. Introduction 
Spatial autocorrelation must handle two kinds of geographic data--continuous valued variables and nominal 
variables (Wrigley 1985). Spatial statistics is a value that tells you something about your data. Descriptive 
statistics can be displayed on a map (e.g., mean core, standard distance), and inferential statistics are values 
that tell you whether there is a pattern or a relationship within you data. Different statistical methods are 
generally required for each of these types of data, so it is not surprising that different spatial autocorrelation 
statistics are required as well（John Odland 1988）. The frequently used spatial autocorrelation statistic for 
nominal variable is binary “join-counts”. 

Join-count statistics are the simplest measure of spatial autocorrelation which were put forward by 
Moran in 1948. They are used for a binary variable, "0" and "1", which are often used referred to as “white” 
and “black”. A join links two neighboring areas, the possible types of joins are limited to white-white(WW), 
black-white(BW), and black-black(BB). Join-counts are frequencies or counts of the numbers of (0,0), (0,1), 
and (1,1) joins in the study area, and these numbers are compared to the expected numbers of them under the 
null hypothesis of no spatial autocorrelation. The observed number of (0,0), (0,1) and (1,1) joins are given by 
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Where xi is the binary attribute value related to region i, 1 or 0, Cij is a value assigned to region i and region j 
by a spatial weighting function, which will be explained in section 2. 

Join-count statistics have been widely applied to analysis spatial autocorrelation in remote sensing data 
(e.g., Congalton, 1988; Chuang and Huang, 1992a; Pugh and Congalton, 2001). Most of these applications 
on join-count are restrained on binary variables, the values of each spatial unit are either 1 (black) or 0 
(white). The third and forth moments for the k-colour join counts are given by  Cliff (1969)  for queen's, 
bishop's, row-only, and cilumn-only cases. However, three categories are also common case in present world. 
For example, as to land cover, the attribute of each parcel may be changed, unchanged or uncertain which 
represents parcels not belonging to the first two categories. In three valued logic, values could be true, false 
or unknown. 

This paper extended join-counts to trinary join-count. The trinary categories are referred as “black”, 
“white” and “gray” in this paper and the possible type of joins are limited to black-black (BB), white-white 
(WW), gray-gray (GG), black-white (BW), black-gray (BG) and white-gray (WG). In order to calculating 
joins, we assign a trinary variable xi to each region with xi=1 if region is “black”, xi=0 if region is “white”, 
and xi=-1 if region is “gray”. Six types exhaust sample are (1,1),  (0,0), (-1,-1),  (0,1), (0,-1),  (1,-1). The rest 
of paper is organized as follows: the following section explained the three common contiguity patterns - 
rooks case, bishops case and queens case for weight matrixes. In section 3, formulas for counting six kinds of 
joins are deduced. In section 4, expected means and variances for the statistics are deduced. And in section 5, 
two kinds of examples are designed. The first one is regular grid with trinary values, the selection of regular 
grid is particularly motivated by widely use of remote sensing data. The second one is irregular spatial 
regions, such as census blocks.  

2. Weight Matrices 
Weight matrixes provide the means of specifying spatial dependence in spatial lattice models. A weight 
matrixes C is a non-negative, n by n matrix, with zeros on the diagonal and Cij>0, if observation j influences 
observation i. It is always symmetric. Various weight matrixes that meet these requirements can be 
constructed using contiguity relation, nearing neighbors, Delaney triangles, or decreasing functions of 
distance, etc.. 

In spatial autocorrelation analysis considering of continuous data in a raster format, some measure of 
contiguity is required. Adjacency matrix is the simplest one. 1 if two areas are contiguous, 0 otherwise
（John 1988）. Contiguity has a rather broad definition depending on the theme, however, most analyses in 
spatial autocorrelation adhere to a common definition of neighborhood relations. Namely, neighborhood 
relations are defined as either rooks case, bishops case or queens case（Sawada 2007） . Rooks case 
contiguity is by a neighborhood of 4 locations adjacent to each cell, Bishops only considers the diagonals of 
the relation and Queens case considers a neighborhood of eight cells. Of these three, the Rooks case is the 
most commonly used and most programs only will compute this particular case. When talking about the 
contiguity matrix or weight matrix below, only those cells that have a Rooks case contiguous relation are 
given a value of 1. 

3. Trinary Variables Join Counts 
In order to get a set of simple calculating formulas to count the 6 kinds of joins, as mentioned before, we 
assign 1, or 0, or -1 to each region with three different attribute vale (which displayed in different colors), 
such as “1” if region i is “black”, “0” if region i is “white” and “-1” if region i is “gray”. The possible types 
of joins are (1,1),  (0,-1), (-1,-1),  (1,-1).Let n is the total number of spatial units, the join counts calculating 
formulas of (0,1), (0,0), (1,1), (0,-1), (-1,-1),  (1,-1) are deduced as: 
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with xi  as the feature value of unit i, and Cij as the element in the spatial weights matrix corresponding to the 
observation pair of i and j.  

In general, the tests statistic is computed by transforming the join-counts into standardized value CountZ, 
which is calculated by dividing the deviation by variance: 
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                                                              (3) 
where Count is the join count, E(Count) is the theoretical mean and Var(Count) is the theoretical variation. 
As to binary variables, if CountZ of joins are all approaching zero, the values in the study area are randomly 
distributed. A negative and significant (0,1) CountZ  indicates the count of (0,1) join is less than that under 
random distribution, 0 and 1 are more spatially clustered than could be caused by chance and (0,0) and (1,1) 
joins are dominant；A positive CountZ of (0,1) indicates the join counts of (0,1) are more than that under 
spatial random distribution, 0 and 1 are dispersion, positive and significant (0,1) CountZ  indicates the join of 
(0,0) and (1,1) are infrequent(Chuang and Huang, 1992). 

As to trinary variable join-counts, the standard CountZ of six kinds of joins can be compared with the 
theoretical value under random hypothesis. The standardizing formulas are similar to formula (3). Analysis 
the character of CountZ of (0,1), (0,-1) and (-1,1) joins, assisting with the CountZ  of (0,0), (-1,-1) and (1,1) 
joins, we can interpret the spatial clustering of units with 0, 1 and -1. 

4. Expected Means and Variances for Trinary Join-count Statistics 
The tests statistic is computed by transforming the join-counts into standardized value, which is calculated 
by dividing the deviation by variance. In this section, means and variance of trinary join-counts are 
calculated under two sampling assumptions. 

For different assumptions about the data, the theoretical expressions for E(0,0), E(1,1), E(-1,-1), E(0,1), 
E(0,-1)and E(1,-1) will vary, because different sampling process are associated with slightly different rules 
for assigning values to regions and they lead to different variances for the expected join-counts. Two 
sampling assumptions of simple random sampling are available for categorical data. They amount to 
sampling with replacement (free sampling) and sampling without replacement (nonfree sampling). Sampling 
without replacement imposes fixed numbers of black, white and gray regions on the study area. The spatial 
arrangement of black, white and gray regions will vary in repeated trials but the numbers of these three kinds 
of regions always matches the number observed for the data. Sampling without replacement corresponds to 
sampling from a hypergeometric distribution. The choice between the two sampling assumptions should be 
based on some knowledge about the underlying process that assign values to regions.  

As to remotely sensed data, an assumption of sampling without replacement is probably more 
appropriate and the statistical hypothesis is that the number of joins for each combination follows a normal 
random distribution, because the numbers of black, white and gray units are limited to the observed value. 
The numbers of “black”, “white” and “gray” regions are fixed under sampling without replacement, so the 
assumption of random assignments means that the probability that any region is black is nb/n, where nb is the 
number of “black” regions and n is the total number of regions. The probability that the members of any pair 
of regions are both “black” is nb(nb-1)/n(n-1), and the probability that one member is “black” and the other 
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“white” is nb(nw-1)/n(n-1). The same is true for other pairs. So, in the case of sampling without replacement, 
we deduced the expected counts and variances of all joins as formula (4) and (5):                          
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Where nw is the number of “white” regions, ng is the number of “gray” regions, and S0 indicate summation 
over pairs of regions under the taken weighting function. And their variances are 
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5. Examples 
Cliff and Ord (1975) have examined the efficiency of the 3 test statistics of binary variable by calculating the 
asymptotic relative efficiencies for the BB and BW statistics under a variety of circumstances. The 
asymptotic relative efficiency is related to the power of a test. They conclude that test of the numbers of (BW) 
joins are preferable to tests of the number of (BB) or (WW) joins (Wrigley 1985). As to trinary variables, the 
(BW), (BG) and (WG) statistics are probably the most reliable ones, it may be useful to calculate all statistics 
for some problems. In the examples, we calculate all the statistics to catch some conclusions. 

Two kinds of examples are designed. The first one is regular grid with trinary values, the selection of 
regular grid is particularly motivated by widely use of remote sensing data, the main aim of the first example 
is to check the correctness of aforementioned formulas in which the values (or image) are based on simulated 
values. The second one is irregular spatial regions, such as census blocks.  

5.1. Example 1 
There three kinds of spatial regular planar tessellations are often used in the research of spatial 
autocorrelation, which are triangles, squares, and hexagons (Barry and Michael, 2000). A regular tessellation 
consists of 121 squares are designed to check the correctness of the Join-count statistics about trinary 
variables. The selection of squares is particularly motivated by their use in raster based GIS and remote 
sensing. In the study area, there three kinds of possible status of each unit, black, white, and gray, with 
corresponding values of 1, 0, and -1.  

Six schemes are elaborately designed in the study area, see Fig.1. One is spatial random distribution, see 
scheme (a). Scheme (b) is an extreme clustering structure with just one clustering core, there one big black 
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clustering block in the study area have value “1” to each unit. This is a typical structure of spatial 
autocorrelation with one clustering core. Scheme (c) is an clustering structure with two clustering cores, 
there one black clustering block in the bottom-left have value “1” to each unit, and one white clustering 
block in the top-right have value “1” to each unit. This is a typical structure of spatial autocorrelation with 
one clustering core. Scheme (d) is an extreme clustering structure with three clustering cores, there three 
clustering zones in the study area with different value, it is a representation of multi-core spatial clustering, 
and scheme (e) and (f) are two extreme dispersion structures in part of the study area respectively with unit-
pairs have the value of (0,1) and (0,-1). (g) in Fig.1 is the legend of scheme (a)-(f). The six kinds of 
structures are typical, the join counts can be counted by manual to check the correctness, and the spatial 
clustering or dispersion can be recognized directly by eyes to check the results from the aforementioned 
formulas. 

In this section, the simplest weight, contiguity weight matrix, are used. We get the first order rook 
contiguity weights as Cij equal to1 if unit i and unit j are adjacent by a common side, 0 otherwise. 

 
(a)                     (b)                           (c)                     (d)                      (e)                    (f)               (g) 

Fig.1:  The six simulated distribution schemes 

We calculate the Moran’s I by software GeoDa of the six structures.The  Moran’s I  are listed in Table 1. 
As to the scheme (a), the standardized Moran’s I is -0.0038, which means there no significant spatial 
autocorrelation in the study area. It is consistent with the intuitionistic impress. There are 27 black units, 59 
white units, and 35 gray units. As to the scheme (b) and (c), the standardized Moran’s I are 0.3944 and 
0.4370 respectively, which means there are very significant spatial clustering in the study area. There are 81 
black units, 25 white units, and 15 gray units in (b), and 50 black units, 54 white units, and 17 gray units in 
(c). As to the scheme (d), the standardized Moran’s I is 0.9337, which means there are very notable spatial 
autocorrelation in the study area. There are 44 black units, 33 white units, and 44 gray units. As to the 
scheme (e) and (f), the standardized Moran’s I is -0.2703 and -0.3624 respectively, which means there are  

Table 1: Join-count statistics of (a) in Fig.1 
scheme a b c d e f 
Moran’s I -0.0038 0.3944 0.4370 0.9337 -0.2703 -0.3624 

significant and negative spatial autocorrelation in the study area. There are 47 black units, 60 white units, 
and 14 gray units in scheme (e), 7 black units, 60 white units, and 54 gray units in scheme (f). The Join-count 
statistics are listed in Table 2-7. 

Table 2: Join-count statistics of (a) in Fig.1 
Joins Join counts Expectations Standard Deviations Standard Join counts 

(0,0) 54 52.306 10.532 0.161 
(0,1) 53 47.874 10.533 0.487 

(0,-1) 57 62.059 10.866 -0.466 
(1,1) 9 10.954 4.553 -0.429 

(1,-1) 28 28.400 9.055 -0.044 
(-1,-1) 19 18.407 6.119 0.097 

Choosing 0.05 (or equivalently, 5%) as the significance level, the threshold for significance is ±1.96. In 
Table 2, the join counts of (0,1), (0,0), (1,1), (0,-1), (-1,-1),  (1,-1) are 53, 54, 9, 57, 19 and 28, which can be 
verified by manual count. This denotes that formular (2) which calculating the join counts are correct. The 
standard join counts of (0,1), (0,-1) and (1,-1) in Table 1 are 0.487, -0.466 and -0.044 respectively. All of 
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them are approaching zero, which means that in the whole study area, all of the three kinds of units are 
randomly distributed, there are no significant spatial clustering.  

Table 3: Join-count statistics of (b) in Fig.1 
Joins Join counts Expectations Standard Deviations Standard Join counts 

(0,0) 20  9.3914  4.1665  2.5462 
(0,1) 31 60.8565 10.8593 -2.7494 

(0,-1) 18 11.2697  6.1796  1.0891 
(1,1) 125 98.5875 13.1535  2.0080 

(1,-1) 19 36.5139  9.8366 -1.7805 
(-1,-1) 7  3.3809  2.3076  1.5683 

In Table 3, the standard join counts of (1,1) is significant and positive, and the standard join counts of 
(0,1) and (1,-1), the unlike joins have relation with “1” units, are significant and negative. We can get that 
the units with value “1” are spatial clustering. Although the standard join count of (0,0) is also significant 
and positive, and the relative count of join (0,1) is significant and negative, but the standard join counts of 
(0,-1) is neither significant and positive nor significant and negative(0.930). Then we can get that the units 
with value “0” are not spatial clustering. Similar conclusion can be deduced about the units with value “-1”.   
Together with the aforementioned conclusion, we can get that the black units with value “1” have spatial 
clustering effect. 

In Table 4, the standard join counts of (0,1) is -4.7053, significant and negative, while 2.3918 and 
3.4999 for (0,0) and (1,1) respectively, significant and positive, and the others are not significant. It means 
the units with value of 0 is clustering. 

In Table 5, the standard join counts of (0,1)、 (0,-1) and (1,-1) are -3.162, -3.162 and -5.372 
respectively. All of them are significant and negative, which means the counts of (0,1)、(0,-1) and (1,-1) are 
significantly less than that under random distribution. Significant and positive standard counts of (0,0)、(1,1) 
and (-1,-1) indicate the counts of (0,0)、(1,1) and (-1,-1) are significantly more than that under random 
distribution, and means the units with value of 0, 1 and -1 are clustering.  

Table 4: Join-count statistics of simulating structure (c) in Fig.1 
Joins Join counts Expectations Standard Deviations Standard Join counts

(0,0) 67 43.8167 9.6930 2.3918 
(0,1) 32 81.1420 10.4440 -4.7053 

(0,-1) 32 27.5883 8.9616 0.4923 
(1,1) 69 37.5657 8.9816 3.4999 

(1,-1) 13 25.5447 8.7114 -1.4400 
(-1,-1) 7 4.3426 2.6660 0.9968 

Table 5: Join-count statistics of (d) in Fig.1 
Joins Join counts Expectations Standard Deviations Standard Join counts 

(0,0) 52 16.364 5.726 6.223 
(0,1) 11 43.636 10.322 -3.162 

(0,-1) 11 43.636 10.322 -3.162 
(1,1) 73 29.091 7.864 5.584 

(1,-1) 0 58.182 10.830 -5.372 
(-1,-1) 73 29.091 7.864 5.584 

 
In Table 6, the standard join counts of (0,1) is significant and positive, this means that the units with 

value “1” and “0”, are not spatial clustering. Together with the standard join counts of (0,0) and (1, 1) are all 
significant and negative (-3.1890 and -3.9379), we can get that the units with value “1”, “0” are spatial 
dispersing. The conclusion is consistent with the anticipative results of the structure in Fig.1(e). As to the (0,-
1) dispersing scheme, the result in Table 7 is similar to Table 6, the standard join counts of (0,-1) is 
significant and positive, and the standard join counts of (0,0) and (-1,-1) are all significant and negative. 
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Table 6: Join-count statistics of (e) in Fig.1 
Joins Join counts Expectations Standard Deviations Standard Join counts 

(0,0) 20 54.0947 10.6915 -3.1890 
(0,1) 159 84.7483 10.2461 7.2468 

(0,-1) 21 25.2442 8.6729 -0.4894 
(1,1) 0 33.1931 8.4292 -3.9379 

(1,-1) 14 19.7746 7.8794 -0.7329 
(-1,-1) 6 2.9452 2.1316 1.4331 

Table 7: Join-count statistics of (f) in Fig.1 
Joins Join counts Expectations Standard Deviations Standard Join counts 

(0,0) 20 54.0947 10.6915 -3.1890 
(0,1) 18 12.6221 6.5016 0.8272 

(0,-1) 162 97.3704 9.2012 7.0240 
(1,1) 0 0.7363 0.9757 -0.7546 

(1,-1) 8 11.3599 6.2018 -0.5418 
(-1,-1) 12 43.8167 9.6930 -3.2825 

The calculating results of the six kinds of simulated distribution are all consistent with the anticipative 
impress of the schemes and the Moran’s indices, we can get that the Formula (2) and (4) are correct. And we 
can get some rules to determine the spatial distribution model of trinary variable: 
(1) Spatial random distribution. When all the standardized join-count of (0,1), (0,-1) and  (1,-1) are not 
significant and positive or negative under certain level of significance. Conversely, if all the standardized 
join-count of between different attributes are not significant, we can determine a spatial random distribution.  
(2) Spatial clustering. The standardized join-count of the like joins of clustering attribute is significant and 
positive, and the standardized join-count of the unlike joins about the clustering attribute is significant and 
negative. One-attribute and multi-attribute spatial clustering are in a similar way. It means that if the 
standardized join-count of the like join of one attribute is significant and positive, and the standardized join-
count of unlike joins about this attribute are significant and negative, we can determine a spatial clustering of 
this attribute. 
(3) Spatial dispersion: The standardized join-counts of like joins of dispersion attribute is significant and 
positive, while the standardized join-count of unlike join is significant and negative. On the other hand, if the 
standardized join-count of unlike joins of certain attribute is significant and negative, and the standardized 
join-count of like joins about that attributes are significant and positive, we can determine a spatial 
dispersion of this attribute. 

5.2. Example 2 
As to land cover, the character of each spatial units may be changed, unchanged or unsure, Fig 2 is a land 
cover statues of a region of China in a certain period, in which “1” are unchanged blocks, “0” are changed 
ones, and “-1” are unsure ones. We calculated the standardized join-counts which are listed in Table 8.  

 
Fig.2: Land cover statues 

Choosing 0.05 (or equivalently, 5%) as the significance level, the standard join counts of (1,-1) is 
significant and negative (-3.1708), while 3.6352 and 2.1420 for (1,1) and (-1,-1) respectively, significant and 
positive, and the others are not significant. It means the unchanged land cover blocks are spatial clustering.  
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Table 8: Join-count statistics of land cover statues in Fig.2 
Joins Join counts Expectations Standard Deviations Standard Join counts 

(0,0) 13 16.4422  5.7419 -0.5995 
(0,1) 51 57.9804 10.8273 -0.6447 

(0,-1) 25 29.4229  9.1691 -0.4824 
(1,1) 89 51.1143 10.4220 3.6352 

(1,-1) 18 51.8772 10.6843 -3.1708 
(-1,-1) 624 13.1629  5.0594 2.1420 

6. Conclusion 
Based on the theory of binary Join-count statistics, this paper deduced the formulas to calculate the trinary 
Join-count statistics, including frequency counts of all joins, their expectations and variations. The 
simulating calculations have proved the formulas are correct and the explanations are reasonable. The 
practical example has proved the method is useful in image spatial autocorrelation analysis. From the results 
of Example 1, we can get that, six typical spatial distributions can be detected by the  Join-count statistics of 
trinary variables which are produced in Section 3 and Section 4. It is in accordance with the Moran’s indices 
and manual counted joins. If all the standardized join-counts of between different attributes are not 
significant, we can determine a spatial random distribution, if the standardized join-count of the like join of 
one attribute is significant and positive, and the standardized join-count of unlike joins about this attribute 
are significant and negative, we can determine a spatial clustering of this attribute, and if the standardized 
join-count of unlike joins of certain attribute is significant and negative, and the standardized join-count of 
like joins about that attributes are significant and positive, we can determine a spatial dispersion of this 
attribute. Based on these criterias and the calculating results of Example 2, we get that the unchanged land 
cover blocks are spatial clustering in the study area. The results suggest that the trinary join-count is useful 
and could be used in spatial autocorrelation analysis. 
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