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Abstract 
This paper examines two different methods by which the error propagated through a GIS 
model, applicable to precision agriculture, may be calculated. The two methods are an 
analytical method, referred to here as a first order Taylor series method, and the Monte Carlo 
simulation method. Good agreement is found between the spatial distributions of the resulting 
error surfaces. However, the magnitude of the error calculated using the full analytical 
method that incorporates a term for the correlation between input data sets is larger than 
expected. The model is then examined for sensitivity to its inputs and found to be more 
sensitive to one of them. Some limiting conditions are also noted. 
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1 Introduction 
Key decisions in areas as diverse as precision agriculture, environmental monitoring, town 
planning are made using a range of GIS modelling techniques. Many of these involve the 
combination of multiple raster data input layers, all of which contain some degree of 
uncertainty. That uncertainty may vary spatially throughout a dataset. The way in which 
uncertainty is propagated through GIS map algebra function depends on the mathematical 
shape of that function. It can be shown (Burrough et al, 1998), that some GIS operations are 
more prone to exaggerate error than others with exponentiation being particularly vulnerable. 
This is however also dependant on the magnitude of the input values.  

Precision Agriculture involves amongst other activities the generation of site-specific maps of 
fertiliser recommendation that can be used to guide variable rate technology (VRT) equipment 
so that optimal fertiliser can be applied in a spatial variable way within fields and paddocks. 
The GIS models that are used in such work are derived either from an understanding of the 
biophysical processes involved, or empirically as a result of long term fertiliser trials. They are 
usually not designed with regard to their possible effects on error propagation from uncertain 
input data sets. If the error is propagated in such a way as to be exaggerated, then clearly the 
usefulness of recommendations made by the model may be compromised. 

1.1 The model investigated 
It has been proposed (Wong et al, 2001) that the spatially variable potassium fertilizer 
requirements for wheat may be determined using an inverted form of the Mitschelich Equation 
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(Edwards, 1997). This relationship, which describes the response of wheat plants to potassium, 
is shown in Equation 1.  

CReBAY −×−=  (1) 

where: 
Y – is the yield in Tonnes per Hectare, 
A – is the maximum achievable yield with no other limitations, 
B – is the response to potassium, 
C – is a curvature parameter, 
R – is the rate of applied fertiliser. 

It has been shown (Edwards, 1997) that the response, B, to potassium fertiliser may be 
determined from the soil potassium values by Equation 2. 

( )( )0095.06.295.0 KeAB −×+=  (2) 

where: 
K0 – is the soil potassium level 

Substituting Equation 2 into Equation 1 and inverting provides a means of calculating the 
potassium requirements for a location with any given soil potassium value. This is shown in 
Equation 3. 
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where: 
Yt – is the Target yield in Tonnes per Hectare, 
R – is Fertiliser requirement to achieve Yt. 

1.2 Data used 
The data used in this experiment are from an 80ha paddock in the wheatbelt of Western 
Australia, an area considered low in potassium and where potassium fertilization is often 
required. Figure 1 shows the spatial distribution of achievable yield and soil potassium. 
Achievable yield was calculated by aggregating NDVI representations of biomass, derived 
from Landsat 5 images over a period of 3 years estimated water limited achievable yield using 
the method of French and Schultz(1984). The complete method of deriving achievable yield is 
discussed in Wong (2001). Soil potassium was determined at 74 regularly spaced sample 
points using the method of Colwell K test (Rayment et al, 1992). These values were 
interpolated into a potassium surface using Inverse Distance Weighting. The spatial resolution 
of all data layers was 25m. For the work described here a Target Yield of two Tonnes per 
Hectare was set. 
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Figure 1 Spatial distribution of input data layers. 

2 Error propagation methods 
Two error propagation methods have been chosen for comparison, First Order Taylor Series 
and Monte Carlo modelling. These will be assessed to determine how the error propagation 
results vary between models. Ideally they should also be compared from the standpoints of the 
ease with which these methods can be used and the time required for the actual computation of 
the error analysis. That work is outside the scope of this paper, but is the subject of ongoing 
research. 

2.1 The Taylor series method 

2.1.1 A description of the method 
The method of error propagation usually referred to as the Taylor series method relies on using 
either the first or second differences of the function under investigation. In this work the First 
Order method was used. 

If we consider a general model with a number of spatial data layers A1 to An as input, then any 
individual cell in the calculation may be represented as in Equation 4 (Heuvelink,1998). 

),....,( 21 naaafu =  (4) 

where: 
u - is the cell value for the model output, 
ai - are the individual cell values for each input. 

If the function is partially differentiated with respect to each of the variables, giving the rate of 
change of the result with respect to each input variable, then, if the error component of each 
cell can be estimated or calculated, the overall error in the output value may be derived from 
Equation 5. 



7th International Symposium on Spatial Accuracy Assessment in Natural Resources and Environmental Sciences. 
Edited by M. Caetano and M. Painho. 

342 

( )
2

1

1

22
⎥⎦
⎤

⎢⎣
⎡ ×= ∑

=

n

i
ii EaauEu δδ  (5) 

where: 
Eu – is the absolute error in the output, 
Eai – is the absolute error in the inputs, 
δu/δai– is the partial differential of the function with respect to ai. 

This then, gives us a method of calculating an absolute error surface for the operation of the 
function. The term absolute error is used here to indicate the likely deviation of a cell from its 
true value in units of that true value. Relative error is the ratio of that absolute error to the 
measured or estimated cell value and is often expressed as a percentage. In many applications, 
particularly where the data layers have been derived by interpolation from multiple 
observations, the standard deviation is used as a surrogate for the error term. Care should be 
taken that this is not the standard deviation of the input data layer itself, since a very precise 
data layer with high natural variability will have a high standard deviation which will not be 
representative of the accuracy of the data layer. 

Equation 4 ignores the effects of correlation between the input data sets. If correlation exists, 
then it can be accounted for by adding to Equation 5 the term shown in Equation 6. 
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where: 
Euρ – is additional absolute error in the output, 
Eai ,Eaj – are the absolute error in the inputs, 
δu/δai ,δu/δaj – are the partial differentials of the function with respect ai and aj,  
ρij – is the correlation between ai and aj. 

2.1.2 Implementation 
The work was carried out using the map algebra capabilities of ArcView3.3 (ESRI, 2002) . In 
this case the variables are A, the Achievable yield, K0 the soil potassium level and C the 
curvature term. Equation 3 was partially differentiated with respect to each of these inputs. The 
resulting equations (not shown here) were used to create data layers for each of the δu/δai 
terms in Equation 5. Absolute error layers for the inputs (the Eai terms in Equation 5) were 
generated as follows. 

For the A and the K0 data layers a relative error of ± 10% was assumed. The absolute error was 
therefore calculated by first multiplying the actual data by 0.1. In order to provide the same 
error level as was being used in the Monte Carlo simulations (described below), this value was 
then divided by 3. This action was based on the assumption that the error is normally 
distributed and therefore 99.73% of the distribution lies within ±3 standard deviations of the 
mean. In other words a standard deviation for each of the pixels was synthesised. 

The curvature term C is not spatially variable but is know to contain uncertainty. In this case 
the value is derived from a series of regional experiments on potassium uptake by wheat crops 
and is quoted in the literature as having a value of between 0.011 and 0.015 for Australian 
Standard Wheat (Edwards, 1997). The work described here used the mean of those two values 



7th International Symposium on Spatial Accuracy Assessment in Natural Resources and Environmental Sciences. 
Edited by M. Caetano and M. Painho. 

 343

as the “true value” for C. The same logic was applied to derive an absolute error for this as for 
the other data sets. A normal distribution was assumed and the error, expressed as a standard 
deviation was regarded as being one third of the difference between the mean and the extreme 
values quoted. 

Three output data sets were generated using the Taylor Series Method. These were a surface of 
R, the fertiliser recommendation, and absolute error surfaces for R . Two error surfaces were 
produced, one incorporating the correlation term shown in Equation 6 and the other ignoring 
correlation. Correlation was only determined between the A and K0 input surfaces, with an r 
value of 0.53. 

2.2 Monte Carlo method 

2.2.1 Theory 
The Monte Carlo method of error propagation assumes that for any GIS function, such as that 
shown in Equation 4, the distribution of error for each of the input data layers Ai is known. The 
distribution is frequently assumed to be Gaussian, but other distributions may be used. For 
each of the data layers an error surface is simulated by drawing, at random, from an error pool 
defined by this distribution. Those error surfaces are added to the input data layers and the 
model is run using the resulting data + error layers as input. The process is repeated a large 
number of times so that, for each run, a new realisation of an error surface is generated for 
each input data layer. The results of each run are accumulated and a running mean and 
standard deviation surface for the output is calculated. This process continues until the running 
mean stabilises. Since the random error visualisations are both positive and negative the stable 
running mean may be taken as the true model output surface and the standard deviation surface 
may be used as a measure of relative error. 

2.2.2 Implementation 
A procedure was written in IDL (Research Systems, 2006) to perform the process described 
above. Simulated random data sets for Achievable yield (A) and Soil Potassium (K0) and the 
curvature parameter C were generated with the incorporation of appropriate error realisations. 
The error distributions for A and K0 fitted a Gaussian distribution where three standard 
deviations was taken to be 10% (or 20% for a second series of model runs) of the original data 
value for each grid cell. For C the standard deviation was taken as being one third of the 
difference between the mean and the extreme values quoted  

For each run, 1000 simulated data points were generated for each valid grid cell in each of the 
three input data layers and from these, the mean, absolute error and relative error for R was 
calculated for each location. Where the calculated values for R were negative, or there was 
invalid data in the analysed data sets, the result was classified as invalid and not reported. This 
can be seen as the areas of missing data in the images of the results. (Compare Figures 1 and 
2).  

3 Results and Discussion 

3.1 Monte Carlo Method Results 
Figure 2 shows the images and plots of the mean R, absolute error and relative error calculated 
from the simulated data layers. For these Monte Carlo simulation runs the input error was 
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drawn, for both A and K0, from a distribution for which three standard deviations was set to 
10%.  

 

R Mean 

 
a) 

Absolute Error 

 
b) 

Relative Error 

 
c) 

 

 
d) 

 

 
e) 

 

 
f) 

Figure 2 (a-f) Mean R, absolute error and relative error for Monte Carlo simulated data layers and 
associated histograms. 

Most of the region where a valid value was calculated for has values of R less than 50 kg/ha. 
The large area in the R mean image for which data was available from the A and K0 datasets 
(see Figure 1), but no result is shown in Figure 2(a), is where the calculated R was negative. 
This represents cells for which either the achievable yield is less than the target yield and/or 
soil K values are adequate for the achievable yield and hence a calculation of the fertilizer 
requirement (R) becomes unnecessary. Valid output values were calculated for 659 cells in 
total. It is noticeable that, in both the absolute error and the relative error images, the values 
are higher (with some very high anomalies) near to cells for which no valid values for R was 
calculated (as illustrated in Figure 3). For the majority of the cells in absolute and relative error 
images, the results are relatively lower where the R values are higher. 
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Figure 3 A three dimensional plot of the relative error which illustrates the areas of no valid data. 

3.2 Comparison with First Order Taylor Series Method 
The spatial plots for the outputs from the Taylor series method are not shown here. In Figure 4 
the calculated values of R using the Monte Carlo method and First order Taylor method are 
compared. Strong agreement can be seen between the results, which is supported by the 
calculated correlation (r) value of 0.99.  

 

 
Figure 4 Calculated R: Monte Carlo vs First Order Taylor Methods. 

The two absolute error results (with and without the correlation term) from the First Order 
Taylor Series method are compared in Figure 5(a). The most notable points that can be 
observed is that there appears to be a linear relationship (r = 0.96) between these results but the 
calculated results in which the correlation term is included in the calculation area 
approximately twice as high as when that term is not included. The reason for this is the case is 
not clear and hence requires further investigation. It is interesting that Taylor method result 
(without the correlation term) is in closer agreement with the absolute error calculated by the 
Monte Carlo method (Figure 5(b)), than with the correlation included results. The r value for 
that relationship is 0.98.  
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a) 

 
b) 

Figure 5 (a) Taylor Series Method Absolute error, without correlation term vs with correlation term, (b) 
Taylor Series (without correlation term) Absolute Error verses Monte Carlo Absolute Error. 

Table 1 shows summary statistics for the three absolute error layers generated. These further 
support the agreement between the Taylor Method without correlation and the Monte Carlo 
method. The remaining discussion deals only with the Monte Carlo method results. 

Table 1 Summary statistics for absolute error layers. 

Method Min Max Mean Std. Dev. 

Taylor with Correlation 6.69 68.79 18.60 9.42 

Taylor without Correlation 3.70 22.70 7.55 3.19 

Monte Carlo 3.70 26.0 7.17 3.30 
 

4 Analysis of Sensitivity to Uncertainty – Monte Carlo Method 
The size of the standard deviation of the error distribution assumed for the Monte Carlo 
Method has an influence on the relative error of R which appears, to be related to the 
magnitude of K0. This is illustrated in Figure 6(a) , which shows how the difference between 
relative error for Monte Carlo runs for which the 3 standard deviation value for both (K0 and 
A) was set to 10% and 10% varies as K0 increases. 

 

.  

a) 

 
b) 

Figure 6 The difference between the 20% and 10% (K0 and A) 3 standard deviation results versus (a) K0 
and (b) A. 
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This may be a reflection that as K0 increases the calculated value of R decreases which makes 
the relative error more sensitive to the absolute error. This in turn suggests that as K0 increases, 
the variance in the calculated R is more sensitive to uncertainties in the input data sets. 
However, as illustrated in Figure 6(b) the error is not so sensitive to A. 

 

 
a) 

 
b) 

Figure 7 The difference between the (a) 20% (K0) and 10% (K0 and A) 3 standard deviation results and (b), 
20% (A) and 10% (K0 and A) 3 standard deviation results versus K0. 

To investigate the influence of uncertainties in the input data (K0 and A individually) on the 
sensitivity of R as K0 increases, the relative error of R was calculated when K0 and then A 
were respectively set to a 3 standard deviations value of 20 %. The difference between these 
relative error surfaces and one for which both inputs has assumed 3 standard deviations value 
of 10 % is shown in Figure 7. As can be seen in both cases there is an upwards trend as K0 
increases particularly for K0 values greater than 40 mg/kg. This effect is much greater for 
when R is calculated from a synthesised dataset where the K0 data layers are generated with 3 
standard deviations (of K0) set to 20% than for the corresponding increase in error in A. This 
observation agrees with suggestion that as K0 increases the variance in the calculated R is more 
sensitive to uncertainties in the input data sets, but more so in the case of the input data K0. 

5 Conclusion 
The mean fertiliser recommendation (R) results using both methods of analysis are close and 
hence correlate well. The absolute error surfaces are also closely in agreement as well, 
especially when the First Order Taylor method does not take into account the correlation 
between the input datasets. The reason why the cross correlation makes the Taylor Method 
calculation of absolute error greater is not understood and will be further investigated. 

The soil potassium values K0 has an apparent upward influence on the relative error calculated 
using the Monte Carlo Method, whereas the Achievable yield A does not. This is most notable 
when the value of K0 is high (and hence R low). Furthermore, a larger variation in K0 has a 
larger influence on the absolute error of R than does a similar larger uncertainty in A. 

It was generally noted that the error in the R values was extremely high where the calculation 
of R was tending to become unviable. 
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