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Abstract 
The increasing use of fuzzy classification methods to generalize environmental data has led to a 
persistent question of how to determine class membership values, as well as how to interpret 
these values once they have been determined.  This paper integrates the above two problems as 
complementary aspects of the same data reduction process.  Within this process, it is shown that a 
fuzzy classification technique based on Principal Components Analysis will minimize the amount 
of information lost through classification.  The PCA-based fuzzy classification technique is 
analogous to linear spectral unmixing models in remote sensing, and differs from algorithms such 
as fuzzy k-means in that primary attention is focused on preserving an accurate representation of 
the underlying attribute data, rather than maximizing the internal consistency of classes.  This 
focus on accuracy suggests PCA-based fuzzy classification as appropriate for data modeling 
applications.  However, further research is required to balance the goal of accuracy with the 
desire for simple (less fuzzy) representations. 
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1. Introduction 
So-called “fuzzy,” “continuous” or “soft” classification has been suggest by numerous authors as 
a method for representing gradation between ideal types in geographic information databases for 
soils (Burrough et al. 1992, McBratney & de Gruijter 1992, Zhu 1997), vegetation (Brown 1997), 
and climate (McBratney & Moore 1985).  The method denoted by these various terms is based on 
fuzzy set theory (Zadeh 1965), in which the degree to which an entity (xi) belongs to a class (cj) is 
represented by a membership function (µij).  Many authors have rejected the term “fuzzy set 
theory” in favor of “soft” or “continuous” classification, and critics have noted that the use of a 
continuous range of membership values does not entail employment of the concepts of fuzzy 
logic (Haack 1996).  Nevertheless, the term “fuzzy classification” will be used here as a 
compromise, recognizing the heritage of these techniques but emphasizing the classification 
process over the logic of set theory.  

Fuzzy classification addresses the issue of gradation between ideal types (Mark 1999) or, more 
generally, the problem of spatial heterogeneity that is ubiquitous in environmental modeling 
applications.  Goodchild (2001) lists heterogeneity as one of six principles distinguishing 



geographic information from spatial information in general, and requiring special consideration 
and treatment.  The heterogeneous nature of virtually all types of geographic information creates 
problems for any classification system.  Fuzzy classification has an advantage over ordinary 
(crisp) classification in representing spatial heterogeneity because it allows a potentially infinite 
number of ways to classify any given spatial entity, although this does not mean a perfectly 
accurate representation. 

The use of class membership values to describe multivariate data has led to the observation that 
fuzzy classification is a method of multivariate data reduction (Burrough & McDonnell 1998, 
Bezdek et al 1984).  The general goal of data reduction is to represent a large number of observed 
variables using a smaller number of surrogate variables, or factors, such that the new factors 
retain as much information as possible regarding the original variables.  However, current models 
used for implementing fuzzy classifications have not been evaluated in terms of this goal.  The 
present paper will apply the data reduction framework to the problem of fuzzy classification.  A 
specific measure of information loss will be developed and used to define an optimization 
problem for the classification process.  Then, a fuzzy classification method based on Principal 
Components Analysis (PCA) will be shown to provide the optimal solution to this problem.  

The paper is divided into 5 sections.  The next section describes the optimization framework and 
formally defines a measure of information loss.  The third section presents the PCA-based fuzzy 
classification method, and shows that it minimizes the measure of information loss defined in 
section two.  In the fourth section, PCA-based fuzzy classification is compared to fuzzy k-means 
clustering, the most commonly used method of deriving a fuzzy classification from quantitative 
data.  Conceptual examples are used to highlight differences between the two classification 
methods in terms of both the derivation of optimal classes and the assignment of class 
membership values.  Finally, the last section will discuss implications of the data reduction 
framework for fuzzy classification in general, and suggest areas of future research. 

2. Optimization Framework 

2.1 Variables 
The variables used in this paper are presented in Tables 1 and 2.  For the purposes of applying the 
data reduction framework, it is assumed that the fuzzy classification process begins with a set of n 
locations (i.e. pixels on a raster grid), for each of which a number (p) of attributes have been 
observed and recorded.  Presumably, p is significantly large as to make representation 
(cartographic or otherwise) of the data matrix (X) difficult, thus warranting simplification. 

Fuzzy classification simplifies a data set by assigning membership values in a number (q) of 
classes, such that q is significantly less than p.  Each class is defined by a set of prototypical 
attribute values, ci1 … ciq, which describe the typical characteristics of an entity assigned 
unambiguously to the class.  Of course, entities need not be assigned completely to a single class; 
rather, each entity is assigned a set of membership values, µi1 … µiq, in the set of classes. 

Table 1: Variables 
Notation Description 
n number of entities or locations  
p number of attributes  
q number of classes 
L information loss 

 



Table 2: Matrices 
Name Notation Rank Element Interpretation 
data matrix X (n x p) xij value of the jth attribute at the ith location 
class definition matrix C (q x p) cij value of the jth attribute in a typical 

location of the ith class 
membership value matrix Μ (n x q) µij membership of the ith location in the jth 

class 
reconstructed data matrix X ’ (n x p) x’ij  

2.2 Constraints 
The assignment of class membership values is constrained in two ways.  First, membership values 
are constrained to fall between 0 and 1 inclusive: 

10 ≤≤ ijµ  (eq. 1) 

This follows from the usual definition of fuzzy classification, in which complete membership in a 
class is denoted by a membership value of 1, and no membership in a class is denoted by a 
membership value of 0.  The second constraint is that membership values of a given entity in all 
classes should sum to unity: 
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This constraint reflects a mutually exclusive relationship between classes (Freksa & Barkowski 
1996), and has been followed by previous researchers (e.g Bezdek et al 1983, Burrough & 
McDonnell 1998; although see McBratney & de Gruijter 1992 for a different approach). 

2.3 Problem Formulation 
The data reduction framework suggests that the simplified representation created by fuzzy 
classification should encapsulate as much information as possible from the original observations.  
Formalization of this concept entails quantifying the amount of information lost in the 
classification process.  To do this, it is necessary to provide a mechanism by which fuzzy 
classification can be used to reconstruct the original data matrix.  Based on this mechanism, a 
suitable measure of information loss is then defined as a function of the difference between the 
reconstructed and original data matrices. 

To reconstruct the original data matrix from a fuzzy classification, we adopt a method suggested 
by McBratney & Moore (1985, p. 184) and Zhu (1997, p. 19).  Both authors suggested 
reconstructing the attribute values of an entity by taking a weighted average of class prototypes, 
using the membership values as weights:  
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In matrix form, the reconstructed data matrix is calculated as follows: 

CX ×Μ=′  (eq. 3b) 

The method is intuitive, so that a location belonging equally (µ = 0.5) to two classes is presumed 
to have attribute values that are the average of the prototypical values of each class. 

Next, we define information loss (L) as a function of the difference between the reconstructed and 
original data matrices.  A simple Euclidean distance measure is used: 
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The optimization problem follows intuitively from the above formulation.  Given a data matrix 
(X) and the constraints to classification described in eqs. 1 & 2 , the problem is to determine class 
prototypes (C) and assign class membership values (Μ) such that information loss (L) is 
minimized. 

3. PCA-based Fuzzy Classification 

3.1 Description 
PCA-based fuzzy classification involves three steps that may be defined geometrically: 

1. Entities/locations are assigned q-1 principal component scores and plotted 
in PC space. 

2. Class prototypes are defined as points that form a minimum enclosing 
simplex around the data points.  

3. Class membership values are assigned to each entity/location according to a 
ternary diagram defined by the class prototypes. 

These steps are demonstrated in Figure 1 using forest composition data for the counties of New 
York state in the USA.  The first two principal components were extracted from a data matrix of 
the relative dominance of 11 tree species in each county, and each county placed in PC space 
according to its component scores.  The arrows in Figure 1a indicate directions of increased 
dominance for each of the 11 tree species.   

In the first step to classification, a simplex (a triangle in 2-d space) is superimposed onto PC 
space such that it fully encloses the data points.  The points of the simplex represent class 
prototypes, whose typical attribute values are calculated from the principal components.  Note 
that there will be one more class than there are principal components; thus, an optimal q-class 
fuzzy classification is derived from PCA with q-1 principal components.  Although there are an 
infinite number of enclosing simplices, the smallest possible simplex is preferable since it will 
result in classes prototypes that are closest to the data points.  The minimal enclosing triangle in 

A B

Figure 1: Graphical depiction of principal components analysis and PCA-based fuzzy 
classification of New York counties.  A typical bi-plot (A) displays both counties and species 
in the coordinate space of the first two principal components.  A fuzzy classification scheme 
(B) is superimposed onto the same coordinate space by optimally selecting forest types as 
endmembers, creating a ternary diagram of membership values in each type. 



Figure 1b was calculated using an algorithm based on Zhou & Suri (1999).   

In the second step, class membership values are assigned by drawing a ternary diagram within the 

ogous to the process of linear unmixing used in remote sensing 

3.2 Minimizing Information Loss 
formation loss can be demonstrated intuitively based 

 loss within the context of factor analysis 
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3.3 Implementation 
ed fuzzy classification involves three steps: 

pes 
alues 

The s mmercially available software packages.  Note 

simplex defined by class prototypes.   In a ternary diagram, percentages (membership values) in 
each class are determined by projecting inward from the endpoints of a triangle.  For example, 
Greene County in Figure 1b is assigned membership values of approximately 0.2, 0.6 and 0.2 in 
classes A, B and C respectively.  The concept of a ternary diagram is easily extended to simplices 
of greater than two dimensions. 

PCA-based classification is anal
applications to estimate the percentage of several classes (endmembers) in a mixed pixel.  Good 
introductions to unmixing methods are given by Settle and Drake (1996) and Ichoku and Karnieli 
(1996).  However, methods of unmixing and endmember analysis have not been applied to the 
problem of fuzzy classification.  The following subsections demonstrate that PCA-based fuzzy 
classification minimizes information loss according to the definitions and constraints given in 
section 2. 

That PCA-based classification minimizes in
on the following two observations: 

1) PCA minimizes information
2) Any fuzzy classification scheme using q classes can be uniquely transf

a set of q-1 factors.   
t fact is given in any

the Euclidean distance between data points and their projections, which is the same as our 
measure of information loss.  The second fact is a result of the constraint that membership values 
must sum to unity.  Membership in the qth class can thus be derived from membership values in 
the first q-1 classes, so that there are only q-1 independent variables in a q-class fuzzy 
classification scheme.  Converting q-1 membership values to q-1 factor scores merely involves 
transformation between two continuous ranges, from {0…1} to {-∞…+∞).  Given the existence 
of such a transformation and the error-minimization property of PCA, it follows that a fuzzy 
classification that is a transformation of PCA will itself minimize information loss. 

Note that the reason why the simplex defined by the class prototypes needs to ful
data points is that membership values are constrained to be positive.  The data matrix is  
reconstructed as a linear combination of class prototypes; since the weights 
(membership values) given to each class are non-negative, data points that fall 
outside of the class prototype simplex cannot be reconstructed. 

Implementation of PCA-bas

1. Data reduction through PCA 
2. Determination of class prototy
3. Assignment of class membership v

 fir t step can be performed in any of the co
that a correlation matrix should be used to strictly minimize information loss as defined in eq. 4 
(which does not take into account the measurement scale for each attribute).  Use of a covariance 
matrix would give equal weight to all attributes, based on their standard deviations. 



The second step involves finding the minimum-enclosing simplex of the data set in PC space.  
The vertices of the simplex represent the class prototypes in PC space; back-conversion from PC 
scores gives the prototypical attribute values of each class.  Zhou & Suri (1999) provide an 
algorithm that finds the minimum-enclosing tetrahedron in 3-dimensional space in θ(n4) time, but 
to our knowledge there has been no exhaustive solution to the problem in greater than 3-
dimensions.  However, algorithms that converge on the solution are available; Lee & Seung 
(2001) provide several such algorithms for data sets in which the attributes are constrained to 
sum to unity. 

Given class prototypes, membership values are computed according to the concept of the ternary 
diagram as described above, using PC scores for both data and classes.  Formally, membership of 
an entity xi in a class cj is computed as: 

jcjxij ji
dd ′′=µ  (eq. 5) 

Figure 2: Distances used in calculation 
of class membership values 

where dcj j’  represents the Euclidean distance between cj and the opposite simplex formed from 
the remaining q-1 class prototypes, and dxi j’  
represents the parallel distance between xi and the 
opposite simplex (Figure 2). 

 j’ 
 dxi j’   xi

 dcj j’   
cj

Eq. 5 provides a simple solution for determining 
class membership values when the class prototype 
simplex fully encloses a data set.  However, full 
enclosure may not be desirable for reasons to be 
presented below.  When an entity/location falls 
outside of the class simplex,  eq. 5 will result in some 
negative membership values assigned to that 
entity/location.  To preserve the condition that 
membership values fall between 0 and 1, a subset of 

classes must be found such that eq. 5 results in only non-negative membership values; optimally, 
the subset that fulfills this condition while minimizing information loss should be found.  With no 
additional constraints, this involves searching through q2-1 possible subsets, a computationally 
intensive process when there are many classes.  The search time is substantially reduced if the 
classes are constrained such that the angle between any three class prototypes does not exceed 90 
degrees.  If this constraint is met, then any class for which an entity is assigned negative 
membership values can be removed from consideration when searching for the optimal subset of 
classes to include in the classification of a given entity.  This reduces the maximum number of 
subsets that must be searched to q. 

4. Comparison to Fuzzy K-means Clustering 
The most popular method of performing fuzzy classification on quantitative data currently is the 
fuzzy k-means clustering algorithm (Burrough & McDonnell 1998; the algorithm is described in 
Bezdek et al. 1983).  In this section, the difference between PCA-based fuzzy classification and 
fuzzy k-means will be described in terms of the two steps of class definition and assignment of 
class membership values. 

4.1 Class Definition 
In fuzzy k-means clustering, class centers are computed as weighted averages of elements of the 
data matrix, and are therefore located well within the data space.  Classes derived from PCA-
based fuzzy classification, on the other hand, are endmembers that usually lie outside of the data 
space.  At best, they are the most extreme entities in the data matrix (as in Suffolk County in 



Figure 1).  Defining a class as a set of attribute values that rarely, if ever, occurs in reality seems 
counterintuitive.  English language terms such as “stereotype” and “caricature,” however, attest to 
the tendency of cognitive categories to be imagined as extreme examples of real entities.  If the 
concept of partial membership in several classes is to be interpreted as signifying characteristics 
intermediate to those of class prototypes (which seems intuitive), then the tendency for “pure” 
classes to denote extreme examples of reality seems unavoidable. 

4.2 Assignment of Class Membership Values 
In fuzzy k-means clustering, class membership values are computed as a function of the relative 
similarity between the attributes of an entity/location and each class prototype.  In contrast, PCA-
based fuzzy classification assigns class membership values based on a ternary diagram.  
Assuming the same set of class definitions, the difference between the two methods of 
membership value assignment is more apparent for entities located closer to the edges of the class 
prototype simplex in PC space; it is especially significant for entities located outside of the 
simplex altogether.  

4.2.1. Classification of Edge Entities 

Madison County in Figure 1b provides an example of an entity located near the edge of the class 
prototype simplex.  Its membership values in each class according to the assignment methods 
used in fuzzy k-means and PCA-based fuzzy classification are shown in Table 3.  Membership of 
Madison County in class A, the class to which it is most dissimilar, is significantly higher in 
fuzzy k-means than in the PCA-based fuzzy classification.  PCA-based fuzzy classification 
assigns such a low membership value in class A because the attributes of Madison county can be 
described nearly perfectly as a linear combination of the prototypes of classes B and C.  In fuzzy 
k-means, the fact that Madison 
County is not very similar to either 
class B or class C individually 
results in a relatively high 
membership value in class A. 

Table 3: Membership Values of Madison County 
 Class A Class B Class C 
fuzzy k-means 0.175 0.385 0.44 
PCA-based fuzzy 0.02 0.45 0.53 

4.2.2. Classification of Entities Outside the Class Prototype Simplex 

When entities fall outside of the class prototype simplex, using relative similarity to assign class 
membership values results in entities/locations receiving positive membership values in classes to 
which they are obviously unrelated.  Table 4 presents an extreme case.  Based on relative 
similarity, the entity (x) in Table 4 would receive a membership value of 0.42 in class B despite 
the fact that the attribute values of class A 
lie between those of x and class B.  The 
method of assigning class membership 
values used in PCA-based fuzzy 
classification, on the other hand, would 
assign a membership value of 0 in class B, 
and a membership value of 1 in class A. 

Table 4: Hypothetical Entity and Two Classes 
 attribute 1 attribute 2 attribute 3 
entity x 1 1 0 
class A 0.2 0.2 0.5 
class B 0 0 1 

 

5. Discussion 
Critics of the use of fuzzy set theory in classifying geographic information have questioned the 
arbitrary nature of the classification process as well as the meaning of partial membership in 
classes.  This paper started with the proposal that one goal of a quantitative fuzzy classification 



scheme should be to minimize the amount of information loss resulting from the classification 
process.  Information loss was defined using a simple Euclidean distance measure.  It was shown 
that minimization of information loss could be achieved by a fuzzy classification scheme built on 
top of principal components analysis.  The PCA-based fuzzy classification scheme is objectively 
defined and allows the most accurate possible reconstruction of a data matrix.   

The fact that PCA-based fuzzy classification minimizes information loss should not be surprising, 
since that is what PCA is designed to do.  Nevertheless, it represents a departure from traditional 
methods of fuzzy classification, especially the fuzzy k-means clustering algorithm.  The goal 
optimized by PCA-based fuzzy classification, that of preserving the information of the underlying 
data set, represents an important aspect of the problem of fuzzy classification that has been 
neglected.   

However, while this paper focused on accuracy, the real issue is to determine the method of fuzzy 
classification that best facilitates analysis of a given data set.  Data reduction implies a certain 
amount of information loss, but this is warranted because of the need for a simplified 
representation.  Thus, there is an inherent tradeoff between accuracy and simplicity in the data 
reduction process.  Using the fuzzy k-means clustering algorithm, it is possible to balance these 
two competing goals by adjusting the fuzzy exponent, which allows the classifier to choose 
between the two extremes of crisp and fuzzy classification (Bezdek et al. 1983).  In a previous 
paper (Kronenfeld 2003), it was shown that a similar concept could be employed within the 
framework of minimizing information loss.  PCA-based fuzzy classification represents only one 
end of the spectrum, namely the most accurate (but fuzzy) possible classification for a fixed 
number of classes.  More research is needed to generalize the framework, and to develop 
techniques to objectively define optimal classifications at intermediate levels of fuzziness. 
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