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 Combined Fitting Based on Robust Trend Surface and Orthogonal 
Multiquadric with Applications in DEMs Fitting 
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Abstract. Spatial data interpolation is an indispensable process in DEM. A combining fitting with trend 
surface and multiquadric fitting is proposed, which removes the trend influence of the DEM in the research 
area then re-fit the residuals by surface fitting. In order to control the influence of some outstanding points to 
surface fitting, a robust fitting of the trend surface by using an equivalent weight is adopted. An adaptive 
node choosing method is proposed based on the effect of every node to the curve fitting calculated by using 
the orthogonal least squares. It cannot only ensure the stability, but also improve the precision of fitting. A 
practical example of terrain fitting shows that the proposed combined method is effective in improving the 
quality of DEM fitting.  
Keywords: trend surface fitting, multiquadric, node, fitting 

1. Introduction 
Multiquadric has been applied widely in surveying, especially in crustal deformation analysis and GPS 
height fitting since it was proposed by Hardy in 1977 (Hardy 1971, 1978, Huang 1993, Yang, 2001). The 
idea of multiquadric is that any irregular surfaces can be approximated by the sum of a series of regular 
mathematical surfaces at any accuracy (Hardy 1971). It needs to solve four problems in multiquadric fitting: 
to choose suitable regular surfaces—kernel functions, to determine the number and location of nodes, to 
select a fitting method and to control abnormal influences. 

Many scholars have studied the expression of kernel functions. They suggest to represent the kernel 
function by the same type of simple function, such as conical surface, quadratic surface, cubic surface or 
revolution surface (Huang 1993, lü 1981). 

The nodes are usually selected directly from sampling points or some statistical values of sampling by 
experiments and experience. It is obvious that different choice of the nodes will result in different fitting 
results. Considering that every node has different effects on curve fitting, an adaptive node selecting method 
is proposed based on the idea of orthogonal least squares. That is, we choose the nodes whose corresponding 
coefficient vector have the biggest angle with the observation vector, then the other coefficient vector are 
required to be orthogonal to the coefficient vector corresponding to the chosen node by Gram-Schmidt. The 
second node is chosen by looking for its corresponding coefficient vector with the biggest angle with the 
observation vector. In this way nodes are chosen and fixed one by one until the desirable fitting accuracy is 
reached. This method cannot only ensure the stability of the fitting equations, but also improve the accuracy 
of interpolation. 

Smoothing factor is another import factor in the curve fitting. It changes not only the shape of the kernel 
function, but also the accuracy of fitting results. Many scholars discuss the smoothing factor 2δ (see Eq.(8)). 
Hardy (1977) proposed that 2δ should be 0.665 times as much as the square of the average distance of 
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sampling points, but Huang (1993) pointed that 2δ should take 10 to 100 times of the average distance of 
sampling points. We often fix 2δ  by a large number of experimentation. 

Despite that any irregular surface can be approximated at any precision by the sum of a series of regular 
mathematical surfaces according to the idea of multiquadric. It requires, however, that there be enough 
kernel functions. Considering that any topography can be divided into trend and stochastic parts, we often 
remove the trend influence of the DEM at first, then re-fit the residuals by surface fitting in order to show 
terrain change clearly and improve the fitting accuracy.  

Short-scale and local changes are often regarded as random and non-structure noise in trend surface 
fitting, so wherever exists unusual topography, the trend surface calculated by normal least squares method 
will have systematic bias and influence the following surface fitting. Robust estimation (Yang 1993, 1996) 
which resists and reduces the effect of abnormal observations by adjusting the weight has been applied in 
many fields. Therefore robust trend surface fitting which regards the outstanding topographic changes as 
abnormal values can show the global trend of terrain more reasonably. A combined fitting based on robust 
trend surface and orthogonal multiquadric with application in DEM fitting is studied in this paper.  

2. Robust trend surface fitting  
Trend surface is a smooth surface which reflects the main characteristics of spatial object in the research area. 
It can be expressed by a polynomial function 
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where ),0,,0(ˆ mjmiaij LL ==  are the unknown coefficients of polynomial to be estimated; ),( yx  are 
the coordinates of point,  ẑ  is the corresponding elevation estimate. Assuming that there are n points, the 
polynomial coefficients ijâ  can be resolved by least squares. In general, a low-degree polynomial can be 
used to describe some simple terrain, a high-degree polynomial is often used in complex topography. 
However, a high-degree polynomial usually cause the instable solutions which means that subtle change of 
sampling points can potentially result in distinct difference. Therefore, F-test for checking quality of trend 
surface fitting is necessary in order to acutely reflect the global trend and also avoid instability of solutions. 
The F statistic is 
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residuals, t is the degree of polynomial and n is the number of points. If αFF > , the trend surface is 
significant, otherwise it is insignificant and new degree of polynomial should be tried.  

Short-scale or local changes are usually regarded as random variable and non-structure in trend surface 
fitting, so if there are outstanding terrains, robust fitting which regards the unusual topographic changes as 
abnormal observations can control the effects on overall trend surface. 

Assuming that the error equation is 
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where V  is the residual vector of observations, A  is the design matrix and l  is the observation vector. A 
robust risk function is as follows (Yang 1993, 1996) 
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where ρ  is a convex function. By using the equivalent weight principle, we get 
              lPAAPAX kTkTk 1)(ˆ −=                                  (5) 

where kP is the equivalent weight matrix whose element can be given by IGGIII function as follows (Yang 
1993). 
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where 5.1~10 =c , 8.0~3.01 =c , 
iv

k
i

k
i vv σ/~ = is the standardized residuals of the i-th sampling points after 

the k-th iteration, k is the iteration number. Other equivalent weight functions can be found in references 
(Yang, 1993). 

3. Multiquadrics fitting based on orthogonal least squares 
After trend surface fitting, the residuals should be re-fit locally. According to the principle of multiquadric, 
we have (Hardy 1971, Huang 1993, Li 2001, Huang 1990) 
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where ),1(ˆ pkk L=β  is unknown coefficients to be estimated, s is the number of nodes, ),( 00 kk yx  is the 
coordinate of the k-th node and ),,,( 00 kk yxyxg  is the kernel function which is usually expressed by 
hyperbolic function as equation (8) or other function, δ  is smoothing factor. 
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If trend surface fitting has not be done, an unknown constant which expresses the average height should 
be added to equation (7) in order to have a higher accuracy by less kernel functions, then equation (7) can be 
written as 
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where 0β̂  is the unknown constant coefficient to be estimated. 
Obviously, choosing nodes is the key problem. We often choose sampling points which distribute 

regularly in the region as nodes. If all sampling points are selected as nodes, namely s=n , equation (7) will 
be over-fit. It has high internal accuracy, but the external accuracy can not be ensured, especially existing 
outlying points. In addition, if model (9) is selected, equation (9) will have no solution because the number 
of equations is less than that of unknowns. Therefore, the number of nodes is often less than that of sampling 
points. 

Assuming that the trend has been removed and all sampling points are selected as nodes, the error 
equation coefficient matrix is 
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Obviously, the contribution of every column vector ja  is different when the coefficients of 
multiquadric β̂  are calculated. It implies that every node has different influence on the curve fitting, thus we 
can choose the nodes according to their own contribution.  

Equation (7) can be expressed by the form of vector as (Wei 2005) 
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where Z  is a vector which consists of heights of sampling points iz . If vectors ka  are orthogonal to each 
other, equation (12) is multiplied by T

kk aβ̂ on the left, we have 
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Summating on both sides, we get 
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so if there are r（ n≤r ）basic vectors, the sum of contribution is (Wei 2005) 
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where r is the number of chosen basic vectors, f is the sum of contribution. It is clear that 1f0 ≤≤ . The 
larger r is, the larger f is, and the higher is the accuracy in approximating the surface by multiquadric fitting 
and sampling points. Especially when r=n, f=1, the fitting function passes through all sampling points, that is 
to say, the fitting error is zero. In this way, the accuracy of approximating is the highest, but the reliability is 
the lowest. It cannot ensure high accuracy of prediction. Therefore, the nodes should be chosen based on the 
effect of every basic vector, in this way, it can not only have high accuracy, but also have enough redundant 
observations to ensure the reliability of interpolation. 

As every vector of coefficient matrix A is not orthogonal with each other, we should make them 
orthogonal by Gram-Schmidt, then choose the node whose corresponding coefficient vector has the biggest 
angle with the observation vector (Wei 2005). In this way nodes are chosen and fixed one by one until the 
requirement of fitting accuracy is satisfied. The calculation steps are as follows: 

(1) Regard all sampling points as nodes, calculate the coefficient matrix A by using equation (10) and 
(11), obtain row vectors 11

2
1
1 ,, naaa L ; 

(2) Calculate the angles between Z and 1
ja , if 
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it shows that the effect of 1
ka  on Z is maximum. Choose the coordinate ),( kk yx  corresponding to 1

ka  as 
node, so 1

ka  forms one-dimensional Euclidean space }{ 1
1 kaE = . 

(3) Resolve the coefficient vector β̂  as 
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where )( 1
kaA = . Calculate residual V, if it satisfies the designed accuracy requirements, then end the 

calculation, otherwise, to make the rest n-1 vectors orthogonal to 1E  by Gram-Schmidt and obtain 
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(4) Find out 2
ja  which has the maximum angle with Z and choose the corresponding point ),( jj yx  as 

node, so two-dimensional Euclidean space }{ 2
j

1
k2 aaE ，= is formed. 

(5) Repeat the steps above until p nodes have been found and the accuracy is satisfied. 
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It should be emphasized that the aim of making the coefficient matrix orthogonal to each other is just for 
choosing nodes. The orthogonal coefficient vectors are not used to resolve the coefficients of multiquadric, 
so it will not influence the results.  

4. An actual computation and analysis 
The sample points are collected in the area with 3 different terrains with gradient less than 1%, between 1% 
and 5% and larger than 5%. In the area with gradient less than 1% and gradient larger than 5%, field survey 
datum are employed, while in the area with gradient larger than 5%, the datum are directly collected from the 
contour. Some of which are employed as checking points. The number of data can see in table 1  

In order to compare the effect of different kernel functions, hyperbolic functions and Gauss function are 
chosen. The expression of hyperbolic functions is as equation (9) and Gaussian function is as follow (Huang 
1990) 
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where δ is also a smoothing factor, 0β̂  is a constant and kβ̂  are unknown parameters. 
In the computation, four schemes are performed. 
Scheme 1: Normal fitting by using multiquadric (NMQ); 
Scheme 2: Multiquadric fitting based on orthogonal least squares (OLS); 
Scheme 3: Combined fitting based on normal multiquadric and robust trend surface fitting (NMQ-RT); 
Scheme 4: Combined fitting based on robust trend surface and orthogonal least squares (OLS-RT) 
It should be emphasized that smoothing factor also influences fitting accuracy. Due to the limited space, 

we mainly discuss the selection of nodes in the paper. The smoothing factor is determined in the same way 
as that in reference [5] by numerous tests. 

In normal fitting of multiquadric fitting, some points which distributed regularly in the region are chosen 
to serve as nodes. The equivalent weight determined by IGGIII function is adopted with 8,3.1 10 == cc in 
trend fitting. 

Tables 2 to 4 show separately the maximum of the absolute residuals (MAX) and root mean square 
errors (RMSE) of check points in different terrain conditions.        

From these tables, the following facts have been drawn: 
(1) In the area with flat terrain or small gradient change, the accuracy provided by combined method has 

not been greatly improved, even the accuracy is inferior to that provided by multiquadric method, because 
the constant coefficient has been taken into account in multiquadric, that is to say, the terrain trend factor 
with average height has been eliminated. When the terrain changes obviously, the distribution of residuals 
are more centralized and the maximum residual is reduced by the combined fitting based on trend surface 
fitting and multiquadric. It shows that the combined fitting can improve the accuracy of fitting.  

(2) The accuracy based on orthogonal least squares fitting has been significantly improved and the 
maximum residuals for check points have been clearly reduced compared to conventional multiquadric. It 
shows that the method which adaptively chooses nodes according to the effect of points can more reasonably 
reflect the fluctuant in topography and improve the fitting accuracy.   

(3) Different kernel function has different effect to fitting, but it is not obvious. 

Table 1 The number of data corresponding to different terrain  

 gradient<1% 1%<gradient<5% gradient>5% 

number of sampling points  18 144 122 

number of checking points 7 47 55 
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Table 2 Maximum error and RMS of checking points in the area with gradient smaller than 1%(Unit: meter) 

scheme Expanding factor Basic function NMQ OLS NMQ_RT OLS _ RT

15 SQ 1.6546 0.8191 2.9084 0.6635 
MAX 

55 GS 1.2496 0.6150 1.4663 0.4392 

15 SQ 0.9309 0.4372 1.1077 0.4521 
RMSE 

55 GS 0.7429 0.3511 0.5662 0.4034 

Table 3 Maximum error and RMS of checking points in the area with gradient between 1% and 5% (Unit: meter) 

scheme Expanding factor Basic function NMQ OLS NMQ_RT OLS _ RT 
1 SQ 3.9702 1.5977 3.9161 1.5092 

MAX 25 GS 2.6632 1.8264 2.5500 1.6610 
1 SQ 0.9258 0.6254 0.9173 0.5779 

RMSE 25 GS 0.7933 0.6405 0.7707 0.5806 

Table 4 Maximum error and RMS of checking points in the area with gradient larger than 5%(Unit: meter) 

scheme Expanding factor Basic function NMQ OLS NMQ_RT OLS _ RT 
35 SQ 2.7418 1.8848 1.8232 1.0784 

MAX 43 GS 3.4909 1.3250 2.7273 1.1333 
35 SQ 0.7248 0.6574 0.6651 0.4748 

RMSE 43 GS 0.7709 0.6230 0.7270 0.4532 

5. Conclusions 
(1) If the terrain is relatively flat, a modified multiquadric which adds a constant coefficient to 

multiquadric can be adopted. When the terrain is complex, the combined fitting method removing the trend 
influence of the DEM in the research area then re-fitting the residuals by multiquadric is more effective in 
improving the quality of DEM interpolation than multiquadric. 

(2) Short-scale or local changes are often regarded as random noises in trend surface fitting, thus if the 
topography is undulated roughly, a robust fitting of the trend surface which treat outlying points as abnormal 
observations can resist the effects of outliers on the global trend fitting. 

(3) The number and the distribution of nodes influence the accuracy of fitting in multiquadric directly. If 
we choose the sampling points with regular distribution in the region as nodes, the result will have more 
uncertainty, and the accuracy cannot be ensured. An adaptive node choosing method based on the effect of 
every node to the curve fitting calculated by using the orthogonal least squares can not only ensure the 
stability of the fitting equations, but also improve the accuracy of interpolation. 

(4) The kernel function also influence the fitting accuracy, but it is not obvious for this example. In 
addition, the smoothing factor influences the fitting accuracy too, thus we need do further research on this 
point. 

(5) The trend surface fitting is used to reveal the trend of global terrain. Abnormal sampling points as 
well as outstanding terrain influence trend surface fitting. The robust trend fitting should be applied to resist 
the outlying effects to global trend surface. For the local terrain fitting, the abnormal sampling points should 
also be eliminated or controlled by robust estimation. All of these questions are under researching. 
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