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Abstract

The asymptotic powers of the test used in generalized linear models for comparison of the population
means (ANOVA type models) and based on scale deviance statistics or score statistics are derived
in the paper. The algorithm for calculation of the asymptotic power of the above mentioned test
is described. This algorithm was computer implemented in MATLAB and used for the comparison
of the asymptotic powers with the simulated powers of considered test for small sample sizes
(for models with Poisson, gamma, binomial and negative binomial distributed response variables).
Finally, obtained results are applied to environmetrical data for finding the suitable experimental
design.

1. Introduction

The power of a test enables to find an experimental design suitable for investigators requirements
aimed at recognizing differences of given extent with desired probability error of the first and second
type. The analysis of power also provides a comparison of different statistical tests.

In the classical balanced one-way ANOVA the response variables Yij , i = 1, . . . ,m, j = 1, . . . , n
are assumed to be independent and normally distributed Yij ∼ N(µi, σ

2), i = 1, . . . ,m, j = 1, . . . , n.
The null hypothesis H0: the expected values of response variables Y11, . . . , Ymn are equal is tested
against the alternative H1: the expected values of response variables differ with the index i, (i =
1, . . . ,m). Thus using new parameters α, β1, . . . , βm, the design of the classical one-way ANOVA
can be written as

EYij = µi = α+ βi , i = 1, . . . ,m, j = 1, . . . , n . (1)

Assumptions of the classical one-way ANOVA can be relaxed by applying the one-way ANOVA
type generalized linear model (GLM). In this model, it is assumed that there exists a monotone
and differentiable link function g of expected values EYij = µi such that

g(E Yij) = g(µi) = α+ βi , i = 1, . . . ,m, j = 1, . . . , n . (2)

Furthermore, GLM generalizes the assumption about the distribution of the response variables
Yij, i = 1, . . . ,m, j = 1, . . . , n to a distribution from the exponential class of the canonical form.
Random variables Y1, . . . , Ymn are supposed to be independent. Thus for further statistical con-
clusions, it is convenient to assume that the probability density of Y = (Y1, . . . , Ymn)T is from the
regular system of densities of the form

f(y, θ1, . . . , θm) = exp







m
∑

i=1

n
∑

j=1

yijθi − b(θi)

a(φ)
+

m
∑

i=1

n
∑

j=1

c(yij , φ)







. (3)
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Note that the classical one-way ANOVA is the particular case of one-way ANOVA type GLM
where the link function is identity and the distribution of Y is normal.

Since the balanced one-way ANOVA type GLM is considered throughout the paper, the vector
of response variables Y consists of m independent random samples of equal size n. The design of
GLM1, the model corresponding to the alternative H1, as well as the design of GLM0, the submodel
corresponding to the null hypothesis H0, are illustrated in table 1.

Table 1. Design of the basic model and submodel in one-way ANOVA

Index of sample Variables Mean Model GLM1 Submodel GLM0

1 Y11, . . . , Y1n Y 1 E(Y1j) = µ1 = α+ β1 E(Y1j) = µ
...

...
...

...
...

m Ym1, . . . , Ymn Y m E(Ymj) = µm = α+ βm E(Ymj) = µ

2. Inferences in one-way ANOVA type GLM

Under regularity conditions (see Stuart, Ord and Arnold 1999) equation 3 implies

EYij = b′(θi) = µi , varYij = b′′(θi)a(φ) , i = 1, . . . ,m, j = 1, . . . , n . (4)

This paper aims at one-way ANOVA type GLM with canonical link, where

g(µi) = α+ βi = θi , i = 1, . . . ,m, j = 1, . . . , n , (5)

namely g is the inverse function of b′ (assuming that the function b′ is invertible on the whole
parameter space). Then denote V (µi) = b′′(g(µi)) , i = 1, . . . ,m, so-called variance function.

Parameters of the generalized linear model are usually estimated by the maximum likelihood
method. It can be easily derived that the maximum likelihood estimators (MLE) of the parameters
in GLM1 and GLM0 are

µ̂i = Y i =
1

n

n
∑

j=1

Yij , i = 1, . . . ,m , (6)

µ̂ = Y =
1

mn

m
∑

i=1

n
∑

j=1

Yij , (7)

respectively. According to the central limit theorem, these estimators are asymptotically normal.

In this paper the test of the null hypothesis based on the scale deviance statistics or score
statistics is considered. The former statistics derived from the likelihood ratio test is of the form

∆D =
2n

a(φ)

m
∑

i=1

(

g(Y i)Y i − b(g(Y i)) − g(Y )Y + b(g(Y ))
)

(8)

in the case of balanced one-way ANOVA type GLM. See McCullagh and Nelder (1994) or Dobson
(1999) for more details on the statistics ∆D. The test statistics based on the score vector described
by Stuart, Ord and Arnold (1999) and applied for example by Hrdličková (2003b) is

∆W = n
m

∑

i=1

(Y i − Y )2

a(φ)V (Y )
(9)

in the considered case.
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3. Asymptotic distribution of statistics ∆D

The asymptotic distribution of the statistics ∆D must be found in order to determine the asymp-
totic power of the test based on ∆D. First, consider function G of vector z = (z1, . . . , zm)T ∈ Rm

G(z) =
2

a(φ)

m
∑

i=1

(

g(zi)zi − b(g(zi)) − g(z)z + b(g(z))
)

, (10)

where z = 1
m

∑m
i=1 zi . The second Taylor polynomial of function G(z) at z = µ = (µ1, . . . , µm)T is

G(z) = G(µ) + 2bT[z − µ] + [z − µ]TM [z − µ] + o(||z − µ||2) , (11)

where b = [g(µ) − g(µ)1m]/a(φ), g(µ) = (g(µ1), . . . , g(µm))T, 1m stands for m× 1 vector of ones,
µ = 1

m

∑m
i=1 µi, || · || is the Euclidean norm and denoting V (µ) = (V (µ1), . . . , V (µm))T,

M =
[

diag (a(φ)V (µ))
]

−1

− 1

ma(φ)V (µ)
1m1T

m . (12)

Denote Y = (Y 1, . . . , Y m)T and remark that Y
as∼ Nm(µ,diag(a(φ)V (µ)/n)) according to

equation 4. Hence vector
√
n(Y −µ) is asymptotically normal and therefore ||Y −µ|| = Op(n

−1/2).
Using the Chernoff–Pratt technique described for example by Bishop, Fienberg and Holland (1975),
the equation

G(Y ) = G(µ) + 2bT[Y − µ] + [Y − µ]TM [Y − µ] + op(n
−1) (13)

is obtained. Thus
∆D = ∆D∗ + op(1) , (14)

where
∆D∗ = ∆D(µ) + 2nbT[Y − µ] + n[Y − µ]TM [Y − µ] . (15)

Hence it follows from equation 14 that the asymptotic distributions of the statistics ∆D and ∆D∗

are equal. Denote a vector a = M−b, where M− is the pseudoinverse of matrix M , and a random
vector Z = Y − µ + a. Then

∆D∗ − ∆D(µ) + naTb = nZTMZ . (16)

Finally, let B = diag(a(φ)V (µ))1/2, then B−1Z has the identity variance-covariance matrix. Using
the spectral decomposition CDΛDCDT of a symmetric matrix BTMB, it can be concluded that

∆D∗ − ∆D(µ) + naTb
as∼

m
∑

i=1

ΛD

ii χ
2(1, δD

i ) , (17)

where δD

i = n(cT
i B−1a)2 , i = 1, . . . ,m, ci is the i-th column of the matrix CD, i.e. the i-th

eigenvector corresponding to the i-th eigenvalue ΛD

ii of the matrix BTMB. Note that since matrix
BTMB does not need to be positive definite, the eigenvalues ΛD

11, . . . ,Λ
D

mm may be negative or
zero. Emphasize also that the above listed results are invariant to the choice of the vector a.

Hence it follows from equations 14 and 17 that statistics ∆D−∆D(µ)+naTb has asymptotically
the distribution of the linear combination of independent noncentral χ2 distributed variables with
one degree of freedom.

Consider the statistics ∆D∗ under the null hypothesis, where µ = µ1m. Then

∆D∗ =
n

a(φ)V (µ)
[Y − µ1m]TH[Y − µ1m] = n

m
∑

i=1

(Y i − Y )2

a(φ)V (µ)
, (18)
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where H = Im − 1
m1m1T

m, Im is m × m identity matrix. According to the equation 17 and
equation 14, both statistics ∆D∗ and ∆D have asymptotically χ2(m − 1) distribution under the
null hypothesis.

4. Asymptotic distribution of statistics ∆W

Similar procedure is used for finding the asymptotic distribution of the statistics ∆W in equation 9.
The random variable

√
n(V (Y ) − V (µ)) is asymptotically normal therefore V (Y ) − V (µ) = op(1).

Furthermore, using the Chernoff–Pratt technique described for example by Bishop, Fienberg and
Holland (1975), the equations

∆W = n
m

∑

i=1

(Y i − Y )2

a(φ)V (µ)
+ op(1) = (19)

=
n

a(φ)V (µ)
Y

T
HY + op(1) (20)

are obtained. Denote ∆W ∗ = nY
T
HY /(a(φ)V (µ)). Similarly to the previous section, if the spec-

tral decomposition CW ΛW CW T of a matrix nBTHB/ (a(φ)V (µ)), where B = diag(a(φ)V (µ))1/2,
is used, it can be obtained

∆W
as∼

m
∑

i=1

ΛW

ii χ
2(1, δW

i ) , (21)

where δW

i = n(cT
i B−1µ)2 , i = 1, . . . ,m, ci is the i-th column of the matrix CW , i.e. the i-th

eigenvector corresponding to the i-th eigenvalue ΛW

ii of the matrix nBTHB/ (a(φ)V (µ)). Note
that in contrast to the distribution described in equation 17, the eigenvalues ΛW

11, . . . ,Λ
W

mm are
positive or zero as the matrix nBTHB/ (a(φ)V (µ)) is positive semidefinite. Moreover, note that
under the null hypothesis µ = µ and a(φ)V (µ)M = H. Thus the equations 19, 18 and 14 imply

∆W = ∆D + op(1) . (22)

5. Asymptotic power of tests based on ∆D and ∆W

Having found the asymptotic distribution of the statistics ∆D and ∆W , the asymptotic power of
the corresponding tests can be expressed.

The asymptotic power of the test based on ∆D at the significance level p is of the form

β∆D
p (µ) = P

(

∆D > χ2
1−p(m− 1)|µ

)

= 1 − Fµ

(

χ2
1−p(m− 1) − ∆D(µ) + naTb

)

, (23)

where Fµ is the distribution function of
∑m

i=1 ΛD

ii χ
2(1, δD

i ), parameters ΛD

ii , δ
D

i , i = 1, . . . ,m and
vectors a, b are described in section 3.

Similarly, the asymptotic power of the test based on ∆W at the significance level p can be
expressed as

β∆W
p (µ) = P

(

∆W > χ2
1−p(m− 1)|µ

)

= 1 − Fµ

(

χ2
1−p(m− 1)

)

, (24)

where Fµ is the distribution function of
∑m

i=1 ΛW

ii χ
2(1, δW

i ), parameters ΛW

ii , δ
W

i , i = 1, . . . ,m are
described in section 4.

The characteristic function of the distribution of linear combination of independent noncentral
χ2 distributed variables can be easily derived (see Witkovský 2001a). As the appropriate distri-
bution function obtained from the inversion formula of Gil-Pelaez (1973) can not be expressed
analytically, it can be either approximated by the distribution function of χ2 distribution fitted
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from a few moments as described by Imhof (1961) and Hrdličková (2003) or obtained by some
numerical integration. In this paper, the approximations of the asymptotic powers of both tests
are obtained by trapezoidal integration (see Imhof 1961 and Witkovský 2001b).

6. Power of the test for chosen distributions from the exponential class

Following distributions were chosen for simulations to examine the results of the previous sections
and to explore the properties of the asymptotic tests in the case of small sample sizes: gamma
G(3.5, µi/3.5), Poisson Po(µi), binominal – relative frequencies Bi(10, µi)/10 and negative binomial
NBi(3, 3

µi+3
). Table 2 shows characteristics of the considered distributions as well as the appropriate

forms of the statistics ∆D. (Summation
∑

in table 2 is for i = 1, . . . ,m). Note that the test
statistics ∆D and ∆W are equal in the case of normally distributed response variables.

Table 2. Characteristics of chosen distributions in the exponential class

Distribution g(µ) b(g(µ)) V (µ) a(ψ) ∆D

N(µi, σ
2) µ 1

2
µ2 1 σ2 n

σ2

∑

(Y i − Y )2

G(α, µi/α) −1/µ ln(µ) µ2 1/α 2nα
∑

ln Y
Y i

Po(µi) ln(µ) µ µ 1 2n
∑

Y i ln
Y i

Y

Bi(N,µi)/N ln µ
1−µ − ln(1 − µ) µ(1 − µ) 1/N 2nN

∑

(

Y i ln Y i

Y
+ (1 − Y i) ln 1−Y i

1−Y

)

NBi
(

k, k
µi+k

)

ln µ
µ+k −k ln k

µ+k
1

kµ(µ+ k) 1 2n
∑

(

Y i ln Y i

Y
+ (Y i + k) ln Y i+k

Y +k

)

The same design of one-way ANOVA was used for every chosen distribution. Four samples
(m = 4) with equal sample sizes n (n = 5, 10) and with increasing expected values in samples
µi = µ + (i − 1)h, i = 1, 2, 3, 4 were considered. A vector of response variables suitable to each
combination of the step h and the value µ was generated a thousand times. Afterwards, the
relative frequencies of rejecting the null hypothesis using statistics ∆D and ∆W were counted.
The comparison of the simulated powers of both tests (denoted in graphs ∆D and ∆W ) and the
approximation of the asymptotic powers β̃∆D(µ) from equation 23 and β̃∆W (µ) from equation 24
is shown in figures 1 – 4. The significance level p = 0.05 was used in calculations. Colors in the
figures 1 – 4 indicate different values of µ: µ = 1 (red), µ = 5 (blue) and µ = 10 (green), except
for figure 3, where the colors indicate values µ = 0.1 (red), µ = 0.4 (blue) and µ = 0.6 (green).

∆W

∆D

β̃∆W (µ)

β̃∆D(µ)

Step h

1086420

1

0.8

0.6

0.4

0.2

0

∆W

∆D

β̃∆W (µ)

β̃∆D(µ)

Step h

6543210

1

0.8

0.6

0.4

0.2

0

Figure 1. Simulated and asymptotic power of the test in one-way ANOVA type GLM with

gamma response variables for sample size n = 5 (left) and n = 10 (right)

Simulated power of the test based on ∆D corresponds with the approximation of the asymptotic
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power β̃∆D(µ) for gamma distributed response variables. On the other hand simulated power of the
test based on ∆W show slightly different behavior particularly for n = 5. Moreover, the asymptotic
power β̃∆D(µ) is greater than β̃∆W (µ) especially for higher values of µ and of the step h.

∆W

∆D

β̃∆W (µ)

β̃∆D(µ)

Step h

32.521.510.50

1

0.8

0.6

0.4

0.2

0

∆W

∆D

β̃∆W (µ)

β̃∆D(µ)

Step h

32.521.510.50

1

0.8

0.6

0.4

0.2

0

Figure 2. Simulated and asymptotic power of the test in one-way ANOVA type GLM with

poisson response variables for sample size n = 5 (left) and n = 10 (right)

In the one-way ANOVA type GLM with Poisson distributed response variables simulated powers
of both considered tests show the same behavior, which corresponds with the approximation of the
asymptotic power of the tests (especially for higher values of µ). Further discussion is given by
Hrdličková (2003, 2004).

∆W

∆D

β̃∆W (µ)

β̃∆D(µ)

Step h

0.10.080.060.040.020

1

0.8

0.6

0.4

0.2

0

∆W

∆D

β̃∆W (µ)

β̃∆D(µ)

Step h

0.10.080.060.040.020

1

0.8

0.6

0.4

0.2

0

Figure 3. Simulated and asymptotic power of the test in one-way ANOVA type GLM with

binomial response variables (relative freq.) for sample size n = 5 (left) and n = 10 (right)

For binomial – relative frequencies response variables, the simulated powers correspond with
the approximation of the asymptotic powers. For µ = 0.1 and µ = 0.6 the asymptotic powers are
equal at h = 0.1 since the corresponding vectors of the sample means are [0.1, 0.2, 0.3, 0.4] and
[0.6, 0.7, 0.8, 0.9].

The simulated power of the test based on ∆D corresponds with the approximation of the
asymptotic power β̃∆D(µ) in the one-way ANOVA type GLM with negative binomial distributed
response variables. Moreover the asymptotic power β̃∆D(µ) is greater than β̃∆W (µ) especially
for lower values of µ and n. The simulated power of the test based on ∆W does not match
approximation of the appropriate asymptotic power too much for n = 5.

In conclusion, the simulated powers of both tests showed the same behavior as their approxi-
mations suggested in section 5. Moreover the asymptotic power of the test based on ∆D was often
greater then the power of the test based on ∆W .
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∆W

∆D

β̃∆W (µ)

β̃∆D(µ)

Step h

43.532.521.510.50

1

0.8

0.6

0.4

0.2

0

∆W

∆D

β̃∆W (µ)
β̃∆D(µ)

Step h

43.532.521.510.50

1

0.8

0.6

0.4

0.2

0

Figure 4. Simulated and asymptotic power of the test in one-way ANOVA type GLM with

negative binomial response variables for sample size n = 5 (left) and n = 10 (right)

7. Study of biometrical data

Analysing the power of a test in one-way ANOVA, a suitable design of experiment, which is con-
ducted to examine the dependency of a random variable on the level of a factor, can be find. In
this section a biometrical example is included to illustrate these considerations in one-way ANOVA
type GLM.

Investigations of the relationship between forest prosperity and the herbivory species of game
were conducted in 1997-1999 in Jeseńıky Mts. Protected Area in Czech Republic. The research in
this project was concentrated on obtaining the data on food supply quantity for big herbivorous
mammals in forests of Jeseńıky Mts. Similar study was conducted in Beskydy Mts. (Heroldová,
Homolka, Kamler 2003, Homolka, Heroldová 2003). Special attention was paid to rowan (Sorbus

aucuparia), since it was used as a model woody species for the study. Among other things, length
of 50 sprouts of the rowan was measured in each locality chosen according to the forest vegetation
tier and biotope.

The length of sprouts of rowan is supposed to have gamma distribution. This hypothesis was
verified by χ2 test of goodness of fit at the significance level 0.05. Two localities with similar nuisance
parameter were chosen for this biometrical example. The nuisance parameter was estimated to be
4.0037, thus the real value of the nuisance parameter was supposed to be 4. Moreover, the two
localities were situated in different forest vegetation tiers therefore the lengths of sprouts were
expected to differ. As the common mean was assumed to be 12 (µ̂ = 11.980), the sufficient
sample sizes (n∆D, n∆W ) for recognizing different deviances (µ1, µ2) from the null hypothesis with
probability 0.9 displayed in table 3 were counted. The sample sizes in table 3 were obtained from
the approximations of the asymptotic powers β∆D(µ) and β∆W (µ).

Table 3. Sufficient sample sizes for type II error 0.1 at the sign. level 0.05 (µ = 12, α = 4)

µ1 11.75 11.5 11.25 11 10.75 10.5 10.25 10 9.75 9.5 9.25 9
µ2 12.25 12.5 12.75 13 13.25 13.5 13.75 14 14.25 14.5 14.25 15

n∆D 3026 756 336 189 121 84 61 47 37 30 24 21
n∆W 3028 758 337 190 122 85 63 48 38 31 25 22

The estimations of the expected values are µ̂1 = 14.630, µ̂2 = 9.330 under H1. Assume that
the real values µ1 and µ2 are 14.5 and 9.5, respectively. Thus using table 3, it can be concluded
that the sample size 50 was sufficient to recognize this deviance from the null hypothesis with the
probability at least 0.9. Table 4 shows the results of the test based on the deviance ∆D. Since the
test statistics ∆D is greater than χ2

0.95(1), the null hypothesis, that the length of sprouts is equal
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in the two localities, is indeed rejected at the significance level p = 0.05. Thus the test verified that
the length of sprouts differs with the locality.

Table 4. Table of deviance

Source of Deviance Deviance Degrees of Freedom χ2
0.95

Basic model 104.198 98 122.108
Factor 20.067 1 3.842
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Hrdličková, Zuzana. 2003. Power of the Test in One-Way ANOVA Type Model with Poisson
Distributed Variables. Folia Fac. Sci. Nat. Univ. Masarykianæ Brunensis, Mathematica,

Summer School DATASTAT’03, Svratka, Czech Republic, Proceedings. submitted.
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