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Abstract 
Key assumptions in standard regression models are that the residuals are independent and 
identically distributed. These assumptions are often not met in practice. In particular, the issue 
of spatial correlation amongst the residuals has had limited attention in the remote sensing 
and GIS literature. This paper discusses approaches that use familiar authorized models to 
specify the covariance amongst the residuals. The model parameters were estimated using a 
maximum likelihood approach (ML or REML). The accuracy of the approach was investigated 
using simulated data and found to give accurate estimates of the error variance (σ2), although 
estimates of and range (a) and nugget component (s) were less accurate. The approach was 
found to be robust to choice of covariance function (exponential or spherical). The approach 
was then extended to deal with heteroskedastic residuals by incorporating a weighting 
component analogous to that used in weighted least squares. This was also shown to yield 
accurate results for σ2, a and s. Finally, possibilities for extending these approaches to 
prediction are considered. 
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1 Introduction 
Regression models are often used in remote sensing and geographic information systems 
(GIS).  For example, we may have collected field data on biomass at a limited number of 
locations and want to predict this variable over a wider area by using remotely sensed data as a 
predictor variable. Another example might be the Empirical Line Method (ELM) for 
atmospheric correction, which is based on developing a regression relationship between field-
based methods of reflectance and remotely sensed measurements of radiance. However, 
developing a regression model in this context is complex since the residuals are likely to be 
spatially correlated. This violates standard ordinary least squares (OLS) regression 
assumptions, which require that the residuals from regression models be uncorrelated (Neter et 
al., 1996). This can lead to inaccurate estimation of the regression parameters. In particular, the 
residual variance may be underestimated. This may have consequences for tests of the validity 
of regression parameters. It may also lead to underestimation of the uncertainty in predicting 
the variable at an unmeasured location. Furthermore, it does not provide a framework for 
predicting realisations of surfaces, since it does not allow for spatial autocorrelation. One 
potential way to deal with this issue is to use geostatistics. In particular, the technique of co-
kriging allows us to make predictions of a sparsely sampled variable (e.g., biomass) at all 
locations, given a densely (or exhaustively) sampled second variable. However, co-kriging is 
not always appropriate, since there may be insufficient data to model the spatial covariances or 
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cross-covariance functions or we may wish to predict at locations which lie outside the bounds 
of the area that has been sampled (i.e., extrapolation rather than interpolation) (Dungan 1998). 

Regression modelling does allow for incorporation of autocorrelation in the residuals, through 
specification of a covariance or correlation matrix (Lark and Cullis, 2004). However, this 
covariance matrix is, typically, unknown and the challenge lies in developing a methodology 
for specification of this covariance matrix.  Techniques have been developed based on 
maximum likelihood (ML) or residual maximum likelihood (REML) (Lark, 2000; Lark and 
Cullis, 2004) which incorporate estimation of the parameters of the variogram of the residuals 
into the modelling process. The variogram is used to specify the elements of the covariance 
matrix. The approach is iterative and the likelihood is maximised numerically. Lark and 
colleagues have published demonstrations of this technique and have tested the approach on 
simulated image data and on “real” image and field data, with favourable results. However, 
these demonstrations were restricted to a single land cover type and, hence, assumed that the 
variance of the residuals was constant across the image. Furthermore, they did not apply the 
model to predicting a new variable or a new surface. The objectives of this paper were (1) to 
test the variogram-based approach in a broader range of circumstances to those examined by 
Lark and colleagues; (2) to extend the research by examining a situation where the residual 
variance was not uniform across the image and (3) to use the model for prediction across the 
image. For (2) the variance was allowed to vary by applying different weights to different 
land-cover classes, where larger weights are applied to areas with lower residual variances. 
These three elements were examined using simulated data.  

2 Background 
The standard linear regression model can be expressed as follows 

εβ += Xy  (1) 

Where y is a vector of response variables, X is a matrix of predictor variables, β is a vector of 
model coefficients (or parameters) and ε is a vector of model residuals. Importantly, in the 
standard case, the model residuals are assumed to Normal and independent and identically 
distributed with zero mean and variance σ2, i.e.: 

),0(~ 2σε N
iid

i  (2) 

The parameters of the regression model (β and σ2) are usually estimated using ordinary least 
squares (OLS). However, the parameters can also be estimated using maximum likelihood 
(ML) or within the Bayesian paradigm. OLS, yield estimators the following estimators for the 
parameters: 

yXXX TT 1)(ˆ −=β  (3) 

)ˆ()ˆ(1ˆ 2 XyXy
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T ββσ −−
−
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12 )(ˆ)(ˆ −= XXC Tσβ  (5) 
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Standard linear regression models are widely used in GIS and remote sensing (Dungan, 1998). 
However, careful consideration needs to be given to the viability of the assumptions made. The 
assumption of Normality of often viable and was maintained for the research conducted for 
this paper. Where the residuals are not identically distributed, this is manifested through 
heteroskedasticity. In order to relax the iid assumptions, equation (2) can be re-written as: 

),0(~ ΣMVNε  (6) 

where Σ is a symmetric covariance matrix. 

Where the residuals have been shown to be heteroskedastic, but autocorrelation is not a 
problem, Σ can be expressed as a diagnol matrix where  

2 2 2 2
1 2 1 2( ) ( , , , ) (1/ ,1/ , ,1/ )n ndiag w w wσ σ σ σΣ = =K K  (7) 

where the ws are known as the weights. These weights may have been established a priori or 
may be predicted from the residuals from OLS regression – a procedure known as iteratively 
re-weighted least squares. Having obtained the weights, the parameters may be estimated using 
weighted least squares (WLS). 

Where the residuals cannot be assumed to be uncorrelated, it is necessry to establish the off-
diagnol elements of Σ. This can be obtained by specifying an authorised covariance function 
and estimating its parameters within a maximum likelikhood framework (Cook and Pocock, 
1983; Lark, 2000; Lark and Cullis, 2004). This proceeds by numerical maximisation of the 
log-likelihood function: 

( )11 log ( ) ( )
2

Tz y X y Xβ β−− + Σ + − Σ −  (8) 

where z is a constant. Early approaches to this (Cook and Pockock, 1983; Lark, 2000) 
proceeded by setting Σ = σ2A.  In this approach, A is a correlation matrix, with the off diagnol 
elements given given by aij=f(a, hij) where hij is the lag or distance between i and j and f( ) is an 
authorised covariance function. Typically the exponential or spherical covariance function is 
adopted, requiring the estimation of the range parameter, a. The regression parameters, for a 
given value of a, are given as: 

yAXXAX TT 111 )(ˆ −−−=β  (9) 

)ˆ()ˆ(1ˆ 12 XyAXy
n

T ββσ −−= −  (10) 

112 )()(ˆ −−= XAXC Tσβ  (11) 

Equation (8) then reduces to (see Lark, 2000):  

2loglog σnA −−  (12) 

This approach was initially proposed in the mid-1980s by Cook and Pocock (1983) and Mardia 
and Marshall (1984), which have been widely cited in the statistical and epidemiological 
literature. However, there has only been limited uptake in remote sensing and other 
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environmental fields. Lark (2000) demonstrated the above approach for simulated imagery and 
found that it gave more accurate estimates of σ2 than OLS, with OLS tending to underestimate 
σ2. This has important consequences for uncertainty analysis and for tests on the regression 
parameters. However, Lark did not examine the accuracy of the estimates of a, which is 
important for prediction. Furthermore, this model does not specify a nugget component. 

The above approach was revised by Lark and Cullis (2004), who specified: 

2

2

( , ),

,
ij ijsf h a i j

i j

σ

σ

Σ = ≠

= =
 (13) 

where f(hij, a) is a correlation function, hij is the lag, or distance of separation, between two 
measurements and a is the range parameter. This parameter s is defined as:  

cc
cs
+

=
0

 (14) 

which allows incorporation of a nugget effect, since c is the partial sill and c0 is the nugget 
component. For conveniance, θ denotes the vector of variance paramters, θ = (a, s, σ2). The 
point estimate and covariance function of β are then given as: 

yXXX TT 111 )(ˆ −−− ΣΣ=β  (15) 

11 )()(ˆ −−Σ= XXC Tβ  (16) 

The parameter vector, θ, can then be estimated by maximising the log-likelihood function 
given in Equation (8).  

Lark and Cullis noted that the ML estimates of θ may be biased, because they depend on β. 
They advocate use of residual (or restricted) maximum likelihood (REML) which, whereby the 
conditional likelihood is maximised: 

( )yQIyXXzL TT )(loglog
2
1),ˆ|( 11 −Σ−Σ+Σ−= −−ββθ  (17) 

where z is a constant and Q=X(XTΣ-1X)-1XTΣ-1. However, it may be noted that, although REML 
is widely used in geostatistics, there is not a consensus that it should be preferred to ML 
(Diggle et al., 2003). 

Lark and Cullis (2004) demonstrated the use of the REML approach for data gathered in the 
Swiss Jura, but do not provide an empirical evaluation against simulated data in a remote 
sensing context. Furthermore, they do not provide an empirical comparison of ML vs REML. 

The research conducted for this paper began by evaluating the ML and REML approaches 
using simulated data. This follows the approach of Lark (2000). This was then extended to deal 
with the case where σ2 is allowed to vary accross the image. The development of the above 
approach for prediction was then considered.  
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When σ2 is allowed to vary, we can write σi
2= σ2(1/wi) (see Equation (7)). Hence: 

jiijjiijij ww /1/12σρσσρσ ==  (18) 

where σij is the covariance between i and j, ρij is the correlation between i and j and σij and σij 
are the standard deviations at i and j respectively. Hence, Equation (13) can be re-written as:  

2

2

1/ 1/ ( , ),

/ ,
ij i j ij

i

w w sf h a i j

w i j

σ

σ

Σ = ≠

= =
 (19) 

3 Method 
The utility of the ML and REML approaches was investigated using simulated imagery, 
following the approach of Lark (2000). The images were created on a uniform square grid of 
249 rows by 249 columns. First, a random normal variable, X was created on the square grid.  
Next, an image of errors (ε) were created, with variance (σ2) of 1, partitioned into a nugget 
term of 0.5 and a partial sill of 0.5 (i.e., s = 0.5). Finally, the dependent variable, y, was 
generated where β = (1, 1.2)T: 

iii Xy ε++= 2.11  (20) 

For the research conducted in this paper, the errors were simulated using a spherical 
variogram. When estimating the model parameters (whether by ML or REML), it is necessary 
to choose an authorized model for f(hij, a) (Equation (13)). The smooth nature of the 
exponential model makes it well suited to ML techniques (Diggle et. al., 2003; Lark and 
Cullis, 2004). However, the spherical model is so widely used in geostatistics that it is 
reasonable to examine it in this context. A choice between the spherical and exponential model 
can then be made on the basis of the maximized likelihood. It may be noted that, in any given 
application, the spherical or exponential model may not be reflect the underlying data. The 
question is, then, whether the model is robust to choice of variogram models. 

Six images of ε (and six corresponding images of y) were created for a = (1,2, ...,6). For each 
image two sub-samples of 100 data-points were obtained. The first sub-sample was gathered 
using simple random sampling (SRS) and second using structured sampling (SS) on a 10×10 
grid. This was repeated 100 times, without replacement. These repeat samples allowed 
investigation of the accuracy of the parameter estimates. 

For the case where σ2 is allowed to vary accross the image, the grid is divided into three strips, 
each 83 columns wide. Each strip in the image had an error variance, σi

2, of 1, 2 and 4 
respectively. Hence, σi

2= σ2/w where w=(1, 0.5, 0.25)T. 100 replicate samples were still 
obtained. However, this time the sample consisted of 300 data-points, with one 10×10 sample 
grid (or 100 random data points) lying in each strip.  

Having obtained the simulated images of y and X parameter estimation was performed on each 
sample using OLS, ML and REML. This was repeated 100 times to establish the accuracy of 
the parameter estimation. Where σ2 is allowed to vary accross the known weights were 
inserted using Equation (19) and WLS was applied rather than OLS. 
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4 Results 

4.1 Error variance constant 
Figure 1 shows the estimated value of σ plotted against the range of the error variable. These 
show the average estimate of σ (for the 100 samples), together with 95 % confidence intervals 
on the mean as well as the first and third quartiles. Figure 1 (a, c, d) shows the estimated value 
of σ obtained using random sampling. It is clear that, under simple random sampling ML or 
REML offer no advantage over OLS for providing unbiased estimates of σ.  

Under systematic sampling Figure 1 (b) shows the estimates of σ are negatively biased when 
estimated using OLS. This is particularly clear when the range of the underlying error variable 
was large (a = 4, 5 6), compared to the size of area sampled (10×10), where the estimates of σ 
were significantly biased. It should be noted that, when a is small many of the residuals will be 
uncorrelated hence the reduction in the number of degrees of freedom is small by comparison 
to the case where a is relatively large. 

The ML and REML models were then implemented by adopting a spherical model for 
Equation (13). The resulting estimates of σ are shown in Figure 1 (d and f). It is interesting to 
note that ML (d) does not seem to offer a substantial improvement over OLS. However, 
REML (f) does substantially reduce or eliminate the bias. When the spatial covariance is 
modelled using an exponential model Figure 1 (g and h) a similar pattern is observed to that 
found for the spherical model. This shows that the estimation of σ is robust to choice of 
variogram model.  

Boxplots showing the estimates of a, are shown in Figure 1. As expected, under random 
sampling the estimates were extremely variable and inaccurate (not shown). First the spherical 
model was considered (Figure 2 (a and b). Under ML the estimates of â tend to increase as the 
true value of a increases, but were slightly biased at relatively high values of a. The REML 
estimates are simalar to the ML ones. The results for the exponential model are shown in 
Figure 2 (c and d). Note that the range given is the effective range and should not be expected 
to correspond exactly with the range of the error variable for the underlying surface (which 
was modelled using a spherical variogram). For both ML and REML the estimates of the range 
approximate to the range of the underlying variogram. However, the variability of the 
estimated values is greater than where the spherical model is adopted.  

Examination of boxplots and histograms for ŝ (not shown) showed that neither the ML or 
REML was able to accurately estimate s and only an approximate value was found. This was 
exacerbated when the the exponential model was adopted. 

As discused in the previous section, a problem with assuming the regression residuals are 
uncorrleated is that it may lead to underestimation of σ. This has implications for estimation of 
the standard errors of  β and for estimating confidence and prediction intervals. However, 
Equation (16) shows that these standard errors are also dependent on the off diagnol elements 
of Σ. Hence, both ML and REML led to an increase in the standard errors of  β , even though 
adopting the ML model led to significant bias in estimates of σ.  

Overall the results presented above provide empirical evidence for the utility of the ML and 
REML models. However, the reader should interpret these results with caution. In particular 
there is a good deal of variability in the estimates of a and s, implying the data do not contain 
sufficient informaiton to make accurate estimates of these parameters. On a related note, the 
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likelihood surfaces appear to be very flat. This can lead to problems with maximising the 
likelihood function (Cook and Pocock, 1983) and increased uncertainty in the parameter 
estimates. In this respect experience showed that particular care needed to be taken when 
adopting the REML model. Hence, even though the above results imply that the REML model 
should be preferred over the ML model, caution should be exercised here. 
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Figure 1 Estimated value of σ for a given range of the error variable. The points show the mean estimate of 
σ. Solid lines show the 95 % confidence intervals on the mean and dashed lines quartiles. 
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Figure 2 Boxplots showing the estimated value of a for a given range of the error variable. For the 

exponential model, the range shown is the effective range.  

4.2 Error variance varies 
In this case the error variance was allowed to vary accross the image. For this experiment, the 
known weights were applied, rather than using estimated weights. Using estimated weights 
would add an extra layer of uncertainty and exploration of that is deferred.  

Figure 3 shows the estimated value of σ for OLS, ML and REML when the spherical model is 
adopted. This showed that, under WLS, estimates of σ tended to be slightly biased. However, 
both ML and REML lead to unbiased estimators of σ. 

Figure 4 shows the estimated value of a. It is interesting to note that, under random sampling 
both ML and REML yield approximate estimates for a. This implies that the larger sample size 
provides a sufficiently large sample of nearby data-points to allow an approximate estimate of 
a. Importantly, this also shows that the model residuals were correlated and the fact that 
random sampling was employed does not mean that this assumption can be ignored. For ML 
and REML, the estimates of a were shown to be highly accurate. 

The estimates of s are not discussed in detail. However, as with a both ML and REML provide 
more accurate estimates of s than those provided in the previous section. 

The results presented above show incorporation of a weighting scheme permits accurate 
estimation of the parameters of Equation (13). Incorporation of the weights is, undoubtedly, 
important. However, it should also be realised that the sample size was much larger than for 
the experiment discussed in the previous section. Hence, the increased accuracy of the 
parameter estimates may also be due to the larger sample size. 
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Finally, it may be noted that adoption of ML or REML leads to an increase in the standard 
error of β1 (the intercept in Equation (20)) but a decrease in the standard error of β2 (the 
gradient in Equation (20)). This runs counter to what is expected (Lark and Cullis, 2005) and 
requireds further consideration. 
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Figure 3 Estimated value of σ for a given range of the error variable for the case where σi
2 =σ2 /wi. Solid 

lines show the 95 % confidence intervals on the mean and dashed lines the upper and lower quartile. 
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Figure 4 Boxplots showing the estimated value of a for a given range of the error variable. 

5 Discussion and Conclusions 
The results presented above have demonstrated the utility of the ML and REML approaches 
for addressing the issue of spatially correlated residuals in regression. They were also shown to 
be applicable under conditions of heteroskedasticity. Furthermore, they were shown to be 
robust to choosing the exponential model rather than the spherical model. This suggests that a 
reasonable variogram model could be chosen for the residuals, where the correct one is not 
known (Lark, 2000). The ML and REML approaches require more detailed examination under 
a wider range of conditions. In particular, future research should consider sample size, choice 
of variogram model and use of estimated rather than known weights. 

Another objective of this research was to compare the results from the ML and REML models. 
Theoretical considerations suggest that the REML model should be more appropriate (Lark 
and Cullis, 2005), although this has not always been bourne out in practice (Diggle et al., 
2003). Experience of conducting this research found the REML approach to be more 
susceptable to problems with numerical optimisation. 

Finally, an objective of this research was to consider approaches for simulating a realisation of 
a prediction from the regression model. This has not been addressed empirically, but is 
discussed briefly here. Conventional regression techniques allow specification of prediction 
intervals for a single point (Neter et al., 1996). However, these do not translate well to multiple 
points (or a surface). Conditional simulation can be used to simulate an error surface within a 
geostatistical framework (Dungan, 1998) and this possibility will be explored in the future. 
However, it should be noted that conventional prediction intervals incorporate two 
components: error due to uncertainty in β (i.e., location of the regression line) and error due to 
σ2 (the spread around the regression line). Conditional simulation only allows for the latter, so 
attention will need to be given to incorporating uncertainty in the former. 
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