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Abstract
The aim of this paper is to construct simultaneous confidence bands for the β-
diversity profiles that are a parametric family of indexes of diversity for a biological
population. In this framework drawbacks arise when simultaneous inference has
to be performed. Moreover, biologists rarely have at hand large sample sizes so
that the derivation of asymptotic sampling distribution may be unpractical. We try
to overcome these problems by building simultaneous confidence bands adopting a
non-parametric bootstrap procedure.

1. Introduction
The aim of this paper is to build balanced confidence regions for β-diversity profiles
of a biological population partitioned into s different species. Biodiversity mea-
surement and diversity comparison are important aspects of statistical ecology and
environmental statistics. Several measures have been proposed to quantify the di-
versity of a biological population. Generally, indexes are functions of the relative
abundance vector p = (p1, p2, ..., ps)

T . In this paper we are interested in diversity
measures that may be expressed as:

f(p) =
s∑

i=1

Ri(p)pi (1)

which is the family of average species rarity indices, where Ri(p) represents the rar-
ity measures of the i-th species. Using different species rarity functions, Patil and
Taillie (1982), provide the most common diversity indexes such as Species Richness,
Species Count, Shannon’s and Simpson’s indexes.
However, as pointed out by Gove et al (1994), there are situations in which com-
parisons of different indexes are inconsistent in ranking a given set of communities.
That is, the use of different indexes of diversity may lead to different community
diversity orderings. To overcome this problem, two fundamental approaches have
been proposed:

• the intrinsic diversity profiles based on the right-tail sum of the ranked
abundance vector;

1



• the β-diversity profiles based on a parametric family of indexes whose mem-
bers have varying sensitivities to the rare and abundant species.

Unfortunately, in real surveys, species abundances are unknown, thus diversity in-
dexes are estimated on the basis of a sample and hence their sampling properties
must be investigated. Recently, inference on intrinsic diversity profiles has been
developed by Fattorini and Marcheselli (1999) and Di Battista and Gattone (2003).
To the best of our knowledge, it does not seem to be the concern of building simul-
taneous confidence region on β-diversity profiles. In the literature (Tong (1983),
Barabesi and Fattorini (1998), Baczkowski and Shamia (2000)), it is well known that
the use of simple random sampling or replicated sampling ensures good asymptotical
properties for each diversity index estimator. However, when diversity is evaluated
by means of β-diversity profiles, building simultaneous confidence bands involves
unsolved aspects of multidimensional analysis and asymptotic solutions.
The main purpose of this article is to develop a consistent approach to build a
confidence region for the β-diversity profiles by suitably adopting a non parametric
procedure proposed by Beran (1988). The paper is organized as follows: Section
2 contains some notations and the estimation of β-diversity profiles through the
replicated use of a given sampling design; in Section 3, a non parametric method-
ology based on bootstrap is pursued in order to construct a confidence region for
the β-diversity profiles. In section 4, a simulation study is performed in order to
verify the robustness of the method proposed. Finally, in Section 5, the developed
procedure is applied to a real data set.

2. Profile estimation
Let us suppose that an ecological population is made up of N units and is par-
titioned into s species. Moreover, let Ni be the abundance of the i-th species
(i = 1, 2, ..., s). Hence, N = (N1, N2, ..., Ns)

T denotes the abundance vector,
while p = (p1, p2, ..., ps)

T represents the relative abundance vector with pi = Ni/N
(i = 1, 2, ..., s). According to Patil and Taillie (1982), a set of diversity profiles that
incorporates indices from (1) can be developed as:

∆(p) = {∆β(p) =
1 − ∑s

i=1 pβ+1
i

β
: β ∈ B} (2)

The parameter β represents the sensibility of the index to rare or common species;
β ≥ −1 ensures that ∆β describes adequately the Biodiversity. On the other hand,
calculating ∆β for β > 1 may not be helpful because the profiles tend to converge
quickly beyond this point. Therefore, a suitable choice for B is to be −1 ≤ β ≤ 1.
Thus, a plot of ∆β versus β provides simultaneous values of a large collection of
indices showing different aspects of diversity in a single picture. As a matter of
fact, changes or differences in community diversity can be studied by comparing
profiles. Let ∆β(C1) and ∆β(C2) be the diversity profiles of community C1 and
C2, respectively. If ∆β(C1) ≥ ∆β(C2), that is if the profile of community C1 lies
uniformly above that of community C2, then C1 is more intrinsically diverse than
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C2. Conversely, when the profiles intersect, then the communities are not intrin-
sically comparable. Finally, if ∆β(C1) = ∆β(C2) then, there is no difference in
diversity between C1 and C2.
Obviously, estimating ∆(p) is related to the estimation ofN that is a well-investigated
problem in the framework of the design-based inference. It is important to point
out that biological populations are inevitably heterogeneous in time and space and
rarely have a list frame, precluding the use of the usual sampling schemes. In these
cases, suitable sampling designs are those belonging to the class of replicated en-
counter designs (Barabesi and Fattorini (1998)). Let us start with a sample of
distinct units selected from the population by using a given design. Then, owing to
the standard Horwitz-Thompson theory, an unbiased estimator N̂ is available. If n
independent replications of the sampling procedure are performed, the n samples
provide n i.i.d. unbiased estimators for N, say N̂1,..., N̂n. Accordingly,

N̄n = n−1

n∑

i=1

N̂i (3)

is an improved, unbiased, consistent estimator for N, with variance-covariance ma-
trix Σ/n. Furthermore, an unbiased and consistent estimator of Σ could be ob-
tained by

S =
1

n − 1

∑
(N̂i − N̄n)(N̂i − N̄n)T . (4)

Since p̂n = n−1N̄n, then p̂n turns out to be an unbiased and consistent estimator
of p. Moreover, the use of the central limit theorem ensures that, for large n,

√
n(p̂n − p)

d−→NMV (0,Ω) (5)

where Ω = [I − diag(p)]Σ[I − diag(p)]T /N2 is the variance covariance matrix of
the relative abundance vector. Thus, a consistent estimator for Ω may be given by

Ω̂ = [I − diag(p̂n)]S[I − diag(p̂n)]T /1T N̄. (6)

On the basis of (5), if the diversity index, for each β ∈ B, is defined in a neigh-
borhood of p and is continuous and non null at p, then by using the Delta method
Tong (1983) derives the asymptotic distribution of ∆β(p). Moreover, the joint use
of the Sverdrup and the Slutski theorems ensures that the studentized statistic, say
T (∆β(p̂n)), is as n −→ ∞

n1/2 ∆β(p̂n) − ∆β(p)

[g(p̂n)Ω̂g(p̂n)T ]1/2

d−→N(0, 1) (7)

where

g(p̂n) =
∂

∂x
∆β(x) |x=p̂n (8)

is the Jacobian matrix of the function ∆β(p) computed at p̂n. Hence, expression
(7) provides the pivotal quantity for determining a confidence interval for ∆β(p).
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Recently, Baczkowski et al (2000) provide a methodology for deriving the moments
of the estimator for a diversity index belonging to family (1). By adopting a Taylor
series expansion they obtain the first four moments of the estimator up to the or-
der O(n−3). Further results, such as large-sample normality and related issues, are
contained in Backowski et al (1998).
Even if good properties have been found for each diversity index estimator, draw-
backs arise when simultaneous inference is performed. Components of β-diversity
profiles are functions of the same data set p and r.v.’s in p are generally assumed
not to be independent. Therefore, the underlying dependence structure among com-
ponents ∆β(p), β ∈ B, is known very rarely, except in the case of multinormality
that, as seen before, could be invoked only asymptotically. In addition, in real sur-
veys large sample sizes are rarely available, hence, asymptotic results could not be
a practical hypothesis to work with. However, owing to the use of the replicated
random sampling bootstrap procedure on i.i.d. samples N̂1,..., N̂n can be suit-
ably adopted in order to build non-parametric simultaneous confidence region on
β-diversity profiles.

3. Confidence bands for β-diversity profiles
In order to construct a joint confidence band for the parametric function in (2),
the procedure of Beran (1988) may be implemented. This method fits in our frame-
work as develops simultaneous and balanced confidence sets for parametric functions
which have components labelled by a given index set. In our case, the parametric
function is

∆(p) = {∆β(p) : β ∈ B} (9)

and the index set is given by B.
Starting from (7), a confidence set for a single component ∆β(p) can be easily
obtained. Let lβ and uβ be consistent estimates for the γ-th and the 1 − γ-th
quantiles of the distribution, say Hβ, of T (∆β(p̂n)). Then, denoting all the possible
values of ∆β(p) with ∆β ,

Dβ = {d ∈ ∆β) : lβ ≤ T (d) ≤ uβ} (10)

is a confidence set with asymptotic coverage probability (1−γ) for ∆β(p). Simulta-
neously asserting a confidence region for each component of the β-diversity profile,
we obtain a simultaneous confidence set D for the family of parametric functions
∆(p). Furthermore, let ∆ be the set of all possible values of ∆(p) as p varies over
the parameter space, we can generate the following 1 − α confidence set for ∆(p)
as

D = {d ∈ ∆ : ∆β(p) ∈ Dβ,∀β ∈ B}. (11)

The key factor is how to choose the critical values {lβ, uβ : β ∈ B}. Let Hsup and
Hinf be the left continuous cumulative distribution function (cdf) of the transformed
root sup{Hβ : β ∈ B} and inf{Hβ : β ∈ B}, respectively. The proposed
bootstrap version of D is obtained by taking the critical values in (10) to be:

lβ = H∗−1
β [H∗−1

inf (
α

2
)] (12)
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and
uβ = H∗−1

β [H∗−1
sup (1 − α

2
)] (13)

where H∗
β , H∗

inf and H∗
sup are the bootstrap distribution estimates of Hβ, Hinf and

Hsup, respectively.

4. A simulation study
Beran (1988) (Theorem 4.1, pag. 684) gives circumstances under which confidence
set obtained by using the technique of section 3 has asymptotic coverage probability
1−α. This result holds when the parameter can be expressed as a linear combina-
tion of the mean vector (example 1 in Beran (1988)). For an application to intrinsic
diversity profiles, see Di Battista and Gattone (2003). From our specific framework,
it is not immediately evident if Beran’s theorem assumptions are satisfied. Hence, a
simulation study is needed to evaluate the performance of the method proposed. In
this section, focusing our attention on the lower and the upper confidence bound,
by means of a Monte Carlo simulation the asymptotic properties of the confidence
regions for the β-diversity profiles are investigated. The main focus of asymptotic
studies for evaluating the performance of a confidence set is whether the cover-
age probability of the confidence sets converges to the nominal level as n −→ ∞
and how fast it converges. A general result to prove consistency of a bootstrap
confidence set is that the bootstrap sampling distribution H∗

β is consistent to the
sampling distribution Hβ in the sense that as n −→ ∞

ρ(H∗
β, Hβ) −→ 0 (14)

where ρ is a metric to compare two distributions (for more details, see Shao and
Tu, (1995) Chapter 3).
Our simulation study is based on artificial populations representing species abun-
dance patterns from the Brocken-stick model of MacArthur (1957). Under this
model, the probability of the i-th rarest species is given by

1

s

i∑

r=1

1

s − r + 1
for i = 1, ..., s. (15)

Three different values of s = 5, 10, 20 were chosen in order to examine the behaviour
of the method for different levels of diversity (low, medium, high level of diversity,
respectively). For each value of s, 10.000 simulation runs were performed to create
a total of 10.000 s-th species assemblages. A total of 1.000 samples were drawn
from each of the three populations and for different sample sizes (n = 5, 10, 20, 50).
Table 1 records the coverage percentages of our simultaneous confidence regions
computed by taking 2.000 bootstrap replications from each sample and the root
mean squared error (RMSE) about the ”exact” value 1 − α = 0.90.
We would like to remark that the method proposed achieves almost identical results
for all the populations considered (s = 5, 10, 20). Furthermore, as n increases, em-
pirical coverage of the confidence bands converges to the nominal level 1−α = 0.90
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verifying the consistency of the procedure. Substantial undercovering is observed
just for very small sample size (n = 5) while a good behavior starts for n = 10.
Results for RMSE highlight good coverage accuracies both for each sample size and
population considered showing an overall valid performance in terms of asymptotic
efficiency of the method.

Table 1. Empirical Coverage (EC) of simultaneous confidence bands and root
mean squared error (RMSE) for Brocken-stick populations with s species. Nominal
coverage 1 − α = 0.9.

n s = 5 s = 10 s = 20

5 EC 0.8506 0.8555 0.8571
RMSE 0.0173 0.0155 0.0141

10 EC 0.8740 0.8790 0.8815
RMSE 0.0102 0.0097 0.0090

20 EC 0.8972 0.8941 0.8985
RMSE 0.0078 0.0081 0.0072

50 EC 0.8992 0.9004 0.9002
RMSE 0.0065 0.0056 0.0067

5. An application
In order to evaluate the performance on real data sets we apply the proposed pro-
cedure on a benchmark used by Fattorini and Marcheselli (1999). Owing to the
replicated encounter sampling strategy adopted, data are independent estimates of
the abundance vector of the avian communities observed in two parks in Milan
(Italy): Groane and Trenno parks. The β-diversity profile is computed in each park
considered. As seen in section 3, the suitable use of the Beran’s procedure allows
us to build confidence regions of the β-diversity profile estimator. The dotted lines
shown in Figure 1 represent the estimates of the β-diversity profiles while the solid
lines describe the corresponding 0.95 bootstrap confidence regions. First of all, we
remark that the confidence bands are obtained using a nonparametric approach that
does not require any assumption on the species abundance and, consequently, on
the β-diversity profile estimator. Results justify our approach that attempts to cap-
ture the true shape of the underlying distribution. In fact, the confidence regions
highlight the presence of asymmetric distributions for the avian communities. This
is quite common for biological populations. Further work could be done in order to
extend the procedure to compare communities according to their β-diversity profile.
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Figure 1: β-diversity profile estimates (dotted line) and 0.95 confidence bands (solid
line) for Groane (left) and Trenno (right) parks in Milan (Italy).
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