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Abstract 
In this paper a methodology for local uncertainty due to the modelling process in a DEM 
generation is presented. Local uncertainty is a basic aspect to determine the final quality of 
the DEM and it is crucial in order to establish the capabilities of use of the model. The 
proposed methodology is based in the use of geostatistical simulation procedure that provides 
“possible versions” of the reality from limited terrain information (XYZ terrain points). The 
simulated model generated by the geostatistical simulation procedure (direct sequential 
simulation) allows obtaining the cdf of the elevation in each grid node. Using this cdfs it is 
possible to calculate the uncertainty of the DEMs (variance, interquartile range, entropy) 
through a simple probabilistic analysis and several realisations of DEM that preserves the 
statistical characteristics of the measured data (histogram, variogram,…). 
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1 Introduction 
In recent years the use of digital models of elevations (DEM) has become a habitual practice 
within the cartographic environment. Thus, the wide use of computer systems and the 
introduction of the terrain automatic extraction systems have extended their use giving rise to 
varied applications in many areas of knowledge. The validity of the results of the 
aforementioned applications is directly related with the quality of models, and to the presence 
and evaluation of the errors that they take associated. 

DEM are cartographic products that are obtained after a process, that have often, a certain 
complexity. It is possible to differentiate two different phases in the DEM generation: a) 
measure of the terrain point coordinates; b) final modelling and creation of the numerical 
structure of the model. It is important to point out that each of these phases will have some 
determined errors that we need evaluate.  

The objective of this paper is to present a methodology based in geostatistical simulations for 
to obtain the local uncertainty of the DEM, this uncertainty is associated with the gridding 
process. The proposed metholodology is based in a stochastic approach based in the obtaining 
a large number of simulated models (possible models that preserve the statistical 
characteristics of the measured terrain points). 
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Actually, DEM quality control procedure is usually reduced to the terrain point dataset 
selection and comparing the terrain heights between measured points and model. These 
differences are usually expressed as global errors in terms of RMS errors, but there is no 
information about the local uncertainty. 

1.1 DEM Local uncertainty problem 
Considering the problem of modelling uncertainty about the terrain elevation in unmeasured 
points it can be assess in essentially two ways (Goovaerts, 1997): 

• The traditional approach for modelling local uncertainty at an unsampled location 
consists of computing a minimum error variance (kriging) estimate, z*(u1), of the 
unknown value z(u) and the associated error variance σ2

E(u) = Var {Z*(u)–
Z(u)}.The estimate and error variance are then typically combined to derive a 
Gaussian-type confidence interval centered on the estimated value. 

• Model the local probability distributions of the variables Z(u1). 

The first way implies two hypotheses: a) the estimation error z*(u) – z(u) is modeled as a 
realization of a Gaussian regionalized variable error; b) the error variance σ2

E(u) is 
independent of the data values. This approximation has two fundamental problems (Isaaks and 
Srivastava, 1989): 1) It is important to bear in mind that the error that gets into the process of 
modeling will depend on the local characteristics of the area, thus, at zones with bigger terrain 
variability and so it is more probable to obtain large errors in the rupture areas, therefore, 
according the homoscedasticity's property, or the independence of the error to the values being 
only influenced by space distribution of points really measured on the terrain, is not justifiable; 
2) in addition, the Gaussian model that is used, implies symmetry of functions of density. This 
condition is hardly justifiable due to the logical tendency, the overestimation of the lower areas 
and the underestimation of higher zones, although these two local tendencies can be 
compensated at a global level. 

The second way implies a more rigorous approach to the estimation. This way is based in the 
previous assessment of the conditional probability function F(u; z|(n)) that provides a measure 
of local uncertainty in that it relates to a specific location u. The concept of conditional 
simulation will allow this assessment from several realizations (simulated models) of the 
distribution in space of the terrain heights. Using the geostatistical conditional simulation 
methodology is possible to obtain unlimited possible versions of the reality. All the versions 
have the same probability to be true and observe several conditions in order to preserve the 
statistical characteristics of the experimental (measured data). So the simulated values have the 
same histogram and variogram and there is coincide between simulation and experimental data 
in the measured points (null uncertainty). 

So there is a radical change of the work schema, opposite the classical procedure, first it is 
necessary to estimate the most probable value and secondly a variance of the distribution is 
estimate from the kriging variance. In the proposed methodology, firstly the probability 
function is estimated and secondly, an optimal estimate value and uncertainty parameters can 
be derived. 

1.1.1 Measures of local uncertainty 
Knowledge of the conditional cdf model at a determined location allows assessment of the 
uncertainty about the unknown z(u) before and independently of the choice of a particular 



7th International Symposium on Spatial Accuracy Assessment in Natural Resources and Environmental Sciences. 
Edited by M. Caetano and M. Painho. 

 501

estimate for the unknown. Measures of local uncertainty frequently used are (Goovaerts, 
1997): 

• Local entropy: It is a uncertainty measure not specific to any particular interval 
(Shannon, 1948; Journel and Deutsch, 1993). The local entropy of the local 
probability density function is defined by: 
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• In practice, the range of variation of z-values is discretized into K nonoverlapping 
classes and the local entropy is obtained from the corresponding K probability 
intervals are computed as: 
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• Conditional variance: The conditional variance �2(u) measured the spread of the 
conditional distribution around its mean z E* (u). The conditional variance is 
obtained using the expression: 
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• As with the entropy measure, this integral is, in practice, approximated by the 
discrete sum: 
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• Unlike the entropy, the variance is defined around a specific central value, the mean 
of the conditional distribution, and it depends on the K within-class means. 

• Interquartile range: It is obtained as the difference of the upper and lower quartiles f 
the conditional distribution. 

2 Methodology 

2.1 Geostatistical Simulation 
The geostatistical stochastic methods attempt reproducing versions of reality preserving their 
basic statistics and spatial variability known as from the available information (measured 
points). This approach is different from the estimation methods which objective is the spatial 
inference of the mean characteristics of the variable. The estimation value constitutes the most 
probable version of the phenomenon and exists coincidence between the model and the reality 
in the measured points. The estimation algorithms are based in regressions that provide smooth 
version of the reality, unlike the simulation algorithms (Figure 1). 

The imposed conditions to the simulated models can be summarized in: a) If Zc(x) are the 
simulated values and Z(xα), xα=1,…,n are the measured values, the simulated version must 
accomplish the following conditions: 
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Figure 1 Estimation vs. Simulation. Left: Estimated (ordinary kriging) model; Center and right: Simultated 

models. Note the smooth effect introduced into the model by the estimation methodology. 

• Simulated data values are honored at their locations. 
• The histogram of simulated values reproduced closely the declustered sample 

histogram. 
• The variogram model are reproduced. 

Actually there is several methods of geostatistical simulation (Goovaerts, 1997). The choice of 
the simulation method must be made according (Deutsch, 1994): a) calculation time; b) 
available information for the conditioning process; c) precision and accuracy of the 
probabilistic prediction. 

The used method in this work has been the direct sequential simulation (DSS) proposed by 
Soares (2001). This method has been choice by the fundamental advantage that is not 
necessary any data transformation prior the simulation process. This characteristic allows its 
application in high-skewed variables or in the non-stationary models reproduction using local 
mean values corrections. 

2.2 Direct Sequential Simulation 
Let us consider the continuous variable Z(x) with a global cdf Fz(z)=prob{Z(x)<z} and 
stationary variogram γ(h). We intend to reproduce both Fz(z) and γ(h) in the final simulated 
models. The sequential simulation algorithm of a continuous variable follows the classical 
methodology sequence: a) randomly, choose the spatial location of a node xu in a regular grid 
of nodes to be simulated; b) estimate the local cumulative distribution function at xu 
conditioned to the original data z(xα) and the previous simulated values zs(xi); c) draw a value 
zs(xi) from the estimated local cdf, which becomes a conditioning data for all subsequent 
drawings; d) return to step a) until all nodes have been visited by the random path. 

The principle of the direct sequential simulation (DSS) can be summarised as follows: if the 
local cdfs are centered at the simple kriging estimate: 

( ) ( )[ ]∑ −+=
α

ααλ mxzxmxz uu )*(  (5) 

xα being the conditional data (original data and previously simulated values), with a 
conditional variance identified with the simple kriging variance σ2

sk(xu). Thus, no matter what 
probability distribution we choose, the spatial covariance model or variograms are reproduced 
in the final simulated maps. 

The problem is, except for a few parametric distributions (e.g. Gaussian), this simulation 
approach does not reproduce the histograms of original variables. The main reason for this 



7th International Symposium on Spatial Accuracy Assessment in Natural Resources and Environmental Sciences. 
Edited by M. Caetano and M. Painho. 

 503

problem is that the local cdf can not be fully characterized only by the local mean and 
variance. 

The idea of DSS is to use the estimated local mean and variance, not to define the local cdf but 
to sample from the global cdf. It is a similar procedure to the sequential indicator simulation: 
in this algorithm the global histogram remains with the same number of classes in any 
sequential step: locally the conditioning data determine which classes will be sampled to 
generated a new simulated value. In the DSS algorithm the cumulative distribution function 
Fz(z) is the same throughout the sequential procedure. First, intervals of z are chosen from 
Fz(z), defining a new F’z(z) and then the simulated values zs(xu) are sampled from the chosen 
distribution F’z(z). The intervals are “centered” at the simple kriging estimate and the interval 
range being dependent on the SK estimation variance. 

One way to define these intervals is to select a subset of n contiguous values z(xi) of the 
experimental histogram in such way that the mean and variance of the selected n values is 
equal to the local SK estimate and SK variance, respectively. Then, a simulated value zs(xu) is 
drawn from the F’z(z) of the n selected values. 

However this method of resampling the experimental global cdf require a relatively large 
experimental set of values to assure also a significant subset of resampled values F’z(z), 
mostly when the estimated variance σ2

sk(xu) is small. When F’z(z) is composed by just little 
data, the simulated values drawn from the cdf can produce erratic values at a very small scale. 

There is some approximations to this resampling approach. One of them, which is very simple 
to implement, consists on the definition of the range of such sampling intervals of the global 
cdf, according to the value σ2

sk(xu), by using a Gaussian distribution. Suppose ϕ is the normal 
score transform of original z(x) values: y(x) = ϕ(z(x)) with G(y(x))=Fz(z(x)). 

The local SK estimate z(xu)* has the equivalent Gaussian value y(xu)*=ϕ(z(xu)*) which, 
together with the SK estimation variance, can define a Gaussian cdf –G(y(xu)*, σ2

sk(xu)). This 
Gaussian cdf can be used to define the interval of the cdf of z(x) which must be sampled: a) 
generate a value from a uniform distribution U(0,1); b) generate a value ys from 
ys=G(y(xu)*, σ2

sk(xu),p); c) finally, a simulated value zs(xu) is obtained from the transform 
ϕ: zs(xu)=ϕ-1(ys). This means that zs(xu) is sampled from intervals of Fz(z) defined by the local 
estimates and variance. 

It is important to note that the Gaussian transformation is used solely for sampling local 
intervals of the distribution. It does not have any role in the estimation of the local cdf, hence 
no Gaussian hyphotesis of the transformed values is assumed.  

3 Example 
The proposed methodology has been applied to a example area in order to show its 
capabilities. The area is in the city of Grenade (Spain) and covers an complex topography that 
includes a hilly topography with a strong presence of above-surface features (buildings, trees, 
roads, …) (Figure 2). The boundaries of the area in UTM30N/ED50 coordinates were north: 
4113187, south 4113687, west: 449069, east: 449722. 

In this area a total of 1592487 XYZI points (I: Intensity) have been captured using a Toposys 
LIDAR sensor, providing a data density approximately of 4.87 points/m2. From this entire data 
set, we select for this application a total of 50000 points according a random schema, with a 
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final data density equals to 0.15 points/m2. The distribution of the selected data and summary 
statistics for the raw data are given in Figure 3. 

 

 
Figure 2 Shaded map (left) and 3D representation of the example area. 

 

 
Figure 3 Experimental data distribution and summary statistics. 
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3.1 Structural analysis 
Geostatistical analysis begins with the spatial variability functions analysis (structural 
analysis). An omnidirectional variogram has been calculated using a lag spacing of 2m. The 
experimental variogram present a non-stationary behaviour with a long-range trend. It is 
necessary to bear in mind that the geostatistical simulation method that it has been used in this 
work, the direct sequential simulation allows the local means correction so it is not necessary 
to remove the trend. According this a Gaussian model has been used to modelling the 
experimental variogram with a special attention to the short distances (that will be used in the 
conditioning process) and a small nugget structure has been included in order to avoid 
problems with the singularity of the kriging systems. The final structure is composed by two 
structures: a) nugget structure= 10.6m2; b) Gaussian structure with a sill=702.6m2 and 
range=325.75m. The variograms and theoretical models were calculated and fitted using 
GeoMS (CMRP, 2006) (Figure 4). 

 

 
Figure 4 Experimental variogram and theoretical model fitted. 

3.2 Simulation 
A total of 100 simulated models have been obtained using direct sequential simulation 
according a 1m spacing grid with the GeoDSS software (CMRP, 2006). The quality of the 
simulated models has been checked using a total of 500 additional values that do not have 
introduced in the simulation process. The RMS error obtained between measured point and 
models considering a maximum distance between model and measured points equal to 0.25m 
and discarding the points located in the top of buildings was equal to 0.10m, an acceptable 
value if we consider the original error of the LIDAR measures (around 0.07m) and the terrain 
characteristics. In Figure 5, a comparison between estimation and simulation applied to the 
example data is given. It is important to note the importance of the smooth effect in the 
estimation. 

Once the correct behaviour of the simulation process has been checked, we have a total of 100 
possible versions of the reality. It is important to point out that all the versions have the same 
probability to be true and preserve the statistical characteristics of the declustered experimental 
data. In Figure 6 are given an example of the preservation in the simulated models of the 
summary statistics (including histogram). 
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Comparing the Figures 3 and 6, it is possible observe how mean and quartiles have similar 
values and variance preservation have an error around 3%. 

 

 
Figure 5 Left: DEM generated by estimation; Right: DEM generated by simulation. 

Once the simulation process has been checked it is possible to obtain the local cdf in every grid 
nodes and determine the local uncertainty of the DEM. In each node it is possible to obtain a 
histogram of the possible values (obtained from the simulated models) that give us the estimate 
value (that can be obtained as the mean value of the simulated values available in a point) and 
spread of the histogram show the local uncertainty of the DEM in a determined point. 

 

 
Figure 6 Histogram of the simulated model no. 37. 
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In Figure 7, two examples of the local uncertainty of the DEM are presented. In the left 
histogram, a point with a very low uncertainty is presented; the maximum and minimum 
simulated values in this node are 681.58 and 682.20m, with a mean value (E-estimate equal to 
681.81m) and a variance equal to 0.029m2. In the right histogram, a point with a very high 
uncertainty is presented, the range (difference between maximum and minimum simulated 
value) is equal 12.38m. The E-estimate is equal to 703.49m with a variance equal to 5.645m2. 
It is important to point out that the histogram behaviour is not Gaussian, so it is incorrect to 
apply the classical approach based in a Gaussian cdf derived from the estimated value and the 
estimation variance. 
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Figure 7 Local histogram of the elevation in two grid nodes. 

Using the variance of the simulated series –representation of the data dispersion- of the 
obtained cdf it is possible to obtain the characterization of the DEM local uncertainty. In the 
Figure 8, the variance of the simulated values is presented. It is important to note that the local 
uncertainty values are the combined effect of the data availability (in the Figure 8, letter A, the 
high variance values are obtained in two bands where the data density is lower –see Figure 3-) 
and the terrain characteristics (in the Figure 8, letter B, the lower variance values are obtained 
in the south where there is no buildings and the relief near of the Genil river are lower. In 
Figure 8, there is a important presence of points with very low uncertainty values disperse in 
the area related with the measured data. 
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Figure 8 Simulated values local variance map (uncertainty map). 

4 Conclusions 
In this work a geostatistical methodology for local uncertainty characterization in DEM based 
is presented. The methodology attack a problem that usually is leave unnoticed as the local 
uncertainty in DEM as measure of their final quality and avoids the problems derived from the 
use of a Gaussian approach based in the cdf from the minimum error estimate and variance, as 
the symmetric and the homoscedasticity. Using the geostatistical simulated models is possible 
to derive the cdf in a direct manner and through a probabilistic analysis characterize the local 
uncertainty in all the grid nodes of the DEM.  

The simulation methodology used has been the direct sequential simulation that presents one 
important advantage: no prior transformation of the original data is needed unlike other 
methods as sIs or sGs; and it is possible its use in in high-skewed variables or in the non-
stationary models (that is very frequent in DEM) reproduction using local mean values 
corrections. 
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