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Abstract. One of the major concerns today is global warming and climate change impacts, and how they 
are changing the distribution and behaviour of the plant species. For example, Proteas species in the Cape 
Floristic Region, South Africa, are very sensitive to climate change. In this paper, we first arguing and the 
random fuzzy error structure for spatial modelling accuracy and then we are focusing on the population 
category of rare Proteas that has an estimated population size from 1 to 10 per sample site, which is very 
small. We develop a bivariate partial differential equation associated regression (PDEAR) model for 
investigating the impacts from rainfall and temperature on the Protea species. Under same the average 
biodiversity structure assumptions, we explore the future spatial change patterns of Protea species with future 
(average) predicted rainfall and temperature.  Our investigation shows that the global climate change impacts 
on distributional patterns of the endangered Protea species are significant. 
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1. Introduction 
Today, global warming and climate changes are a major concern to the government and to the general public. 
One of main issues that concern us is the knowledge that the present environment will change under global 
change conditions, and therefore changing the distribution patterns of plant species.  

In this paper, we will model the rare Protea species in the population size of 1 to 10, in the Cape Floristic 
Region, South Africa. Since we have presence data from 1992 to 2002 only and these are incomplete sample 
data, so we will look at occurrence counts or frequency distributions of the rare Protea. We will use the 
partial differential equation associated regression (PDEAR) model, with consideration of the variables 
precipitation and temperature, to fill in missing samples within the Cape Floristic Region, from 1992 to 2002. 
With future precipitation and temperature variables (Hewitson and Crane 2006, New et al. 2002, Tadross et 
al. 2005), we will use the PDEAR model to predict the future occurrence counts of rare Proteas population 
count. 

2. Accuracy in Spatial Modelling 
Spatial modelling accuracy is in nature a problem of the correct specification of the model and the error 
structure associated with the model specification. In this paper, we propose a new theoretical platform – 
random fuzzy variable foundation for the facilitation of the spatial modelling accuracy. 

2.1. Essential forms of uncertainty in spatial modelling 
Western science has an excellent tradition: science, no matter in what branches, including spatial modelling 
and GIS, should reveal the laws and nature of our universe and society and, therefore those laws discovered 
are supposed to be verifiable facts backed by reproducible experiments or observations. Every event 
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occurred in realistic fields, no matter how complicated it might be, always enjoys its own self-existence and 
self-specification and therefore it is objective and certain. 

No law discovered and stated is accurate. Any established scientific law is an aggregate revelation of the 
best knowledge up to the time based on the "best" available information then. Therefore any law is an 
approximation to a specific aspect of the objectively existing real world at the best. Any law stated is not 
accurate and thus contains uncertainty in it which links to factors, for example, information availability, the 
general level of scientific developments, the associated technological developments, the manpower and the 
financial resources, etc.  

Every law discovered and stated with uncertainty formation within it. The discovery of any law of the 
real-world dynamics is an appropriate revelation of the nature under uncertainties associated with the real 
dynamics, because the either the dynamic law itself takes the uncertain formality or the law is buried in 
uncertainties. In other words, the uncertainty formations and presentations are the foundation of the dynamic 
laws in real-world. Generally speaking, randomness and fuzziness are the two essential forms of 
uncertainties in the world reality. 

Real-world dynamics are revealed to scientists in terms of data information of the dynamics. The true 
states of existing real world are never fully grasped by scientists because the capacity limitation. What is 
available about the real world is partial the information collected. Therefore there is a knowledge extraction 
and inference on the real dynamic law based on the (partial or sampling) information available, which 
involves modelling accuracy issue in order to correctly utilize data information in the law revelation 
processes.  In other words, inference on real-world law itself is an uncertainty process.  

Therefore, we have to understand the fundamental and intrinsic feature of information - uncertainty. 
Randomness, which is logically the break down of the law of causality because of the lack of some 
conditions under which the event occurrence is inevitable, is the traditionally well-received formality of 
uncertainty in terms of the usage of probability calculus by science and engineering. Fuzziness, which is 
logically the break down of the law of excluding the middle, is another form of uncertainty well accepted in 
GIS research communities.  

There is a perception that fuzziness is a human psychological or presentational reflection. It is necessary 
to point out that in real world fuzziness is sometimes inherent to the object observed and particularly related 
to the evolution characteristics in real world environments. In spatial environments, factors (or covariates) 
related to system patterns are always changing and evolving. The pattern of change is in general not sudden 
jump from one level to another but more possibly evolving from one level to another. In other words, 
between two different levels, there exist some middle states, at each state on the middle ground; event 
possesses both features in various degrees from both levels. Evolution as a change pattern can be either 
observable or unobservable in natural environments. On the hand, it quite often we face such a situation 
where the outcomes of statistical experiments are not a real number but described in nature language.  Such a 
kind fuzziness exists objectively whenever information extracted as a reflection from the interaction between 
human being and the natural systems. Therefore the existing certainty and fuzzy uncertainty are mutually 
coherent two facets of the objective world.  

Once we fully understand the random fuzzy nature is intrinsic and coherent to spatial modelling, it is 
inevitably lead us to concentrate the model structure because the accuracy of modelling is in nature the error 
structure specification.  

2.2. Random fuzzy variable foundation 
Modelling the randomness and fuzziness coexistence is not an easy task in spatial modelling communities 
due to it mathematical complexity. We will introduce the newly-developed random fuzzy variable theory 
based on axiomatic credibility measure platform given by Liu (2004, 2007) in which a random fuzzy variable 
is defined as a measurable mapping from the credibility space ( ),2 ,CrΘΘ  to a set of random variables, where  
2Θ  denotes the power set of Θ . We would like to present a constructive definition easily accepted for spatial 
modelling community. 

Definition 1: A random fuzzy variable, denoted as ( ){ },Xβ θξ = θ∈Θ ,  is a collection of random 
variables Xβ  defined on the common probability space ( ), PrΩ A,  and indexed by a fuzzy variable ( )β θ  
defined on the credibility space ( ),2 ,CrΘΘ .  
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A random fuzzy variable is a bivariate mapping from ( ), 2ΘΩ× Θ ×A  to the space ( ),R B .  
In Liu’s (2004, 2007) random fuzzy variable theory, we may say that that average chance measure plays 

an equivalent role similar to that of a probability measure, denoted as Pr , in probability theory. 
Definition 2:  (Liu, 2004, 2007) Let ξ  be a random fuzzy variable, then the average chance measure 

denoted by {}ch ⋅ , of a random fuzzy event { }xξ ≤ , is 

{ } ( ){ }{ }
1

0

ch Cr |Pr dx xξ≤ = θ∈Θ ξ θ ≤ ≥α α∫  (1)

Then function ( )Ψ ⋅  is called as average chance distribution if and only if 

( ) { }chx xΨ = ξ≤  (2)

A function :ψ +→R R  such that 

( ) ( )
x

x u du
−∞

Ψ = ψ∫  (3)

is called the average chance density function of random fuzzy variable ξ . 
As a standard exercise, we often assume the errors contained in data to take a additive formality: 

ε ζ τ= + , where ζ  denotes the fuzzy error component of the total error with a triangular membership 
function 

which has a mean zero and variance 

And τ  denotes the normal random error component with mean zero and variance 2 0τσ > . We derive the 
average chance distribution of the normal random fuzzy error, which takes the form 

and the average chance density takes the form 

Note in Eq. (6) and (7)  ( ) ( ) ( )21 2 exp 2x xφ π= −  and ( ) ( )
x

x u duφ
−∞

Φ = ∫  are the probability density 
and cumulative distribution function respectively. 

With above developments, we have established a new platform for spatial modelling and the accuracy 
analysis. 

3. Proteas in the Cape Floristic Region 
The Cape Floristic Region is located at the southern tip of the Africa, and it is home to some 9030 plant 
species, and nearly 70% of which are found nowhere else. Fynbos is the predominate ecosystem in the Cape 
Floristic Region. The Protea Atlas Project has collected samples of Fynbos’s flowering Proteas in the Cape 
Floristic Region, in South Africa, from 1992 to 2002. In this particular case, we are focusing on the 
population category of Proteas that has an estimated population size from 1 to 10 per sample site. 
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Fig. 1 below shows the location of the Cape Floristic Region within South Africa, and Fig. 2 shows the 
locations of Proteas occurrence of the population size of 1 to 10, in the Cape Floristic Region, 1992-2002. 
 

 
 

Fig. 1: The Cape Floristic Region within South Africa. Fig. 2: The Sample Locations of Proteas in the 
Population Size of 1-10, in the Cape Floristic Region, 
1992-2002. 

 
Fig. 2 shows the locations of Proteas occurrence of the population size of 1 to 10, in the Cape Floristic 

Region. The data is presence data only, and so we will use the occurrence counts of the Proteas. Some areas 
are un-sampled, which means that if we use data as it is, the predictions will not reflect the real situation. The 
PDEAR model will be used to predict the un-sampled cells for each of the 11 years, to ensure accuracy. Then, 
the frequency counts will be averaged and used together, for future predictions of Protea species distribution, 
with rainfall and temperature as the main variables. 

4. The Theoretical Foundation for PDEAR modelling 

4.1. The bivariate PDEAR model formation 
PDEAR (Partial Differential Equation Associated Regression) is a multivariate extension to DEAR 
(differential equation associated regression), which merges partial differential equation theory, multivariate 
regression theory and credibility measure theory into a new modelling family.  
As we stated earlier, PDEAR modelling family is a multivariate extension to univariate DEAR family. For a 
more intuitive understanding of DEAR (an abbreviation of Differential Equation Associated Regression ), 
see, Guo et al (2008). The model we used for this analysis is actual a multivariate regression motivated 
partial differential equation (which is named as PDEAR B) model.  

Similar to DEAR modelling, the partial derivatives are approximated by partial divided differences. 
Once the partial divided differences, x

∂Δ and  y
∂Δ  are calculated, they are treated as multivariate response for 

further analysis. Denote 
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Then the (multivariate) regression model takes a form 
X EΔ = Λ +  (9)
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which couples a partial differential equation (abbreviated as PDE) in a form 
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Finally, the bivariate PDEAR B model for the log-count will be 
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As to the error structure of the PDEAR formation in, see Guo et al. (2008). 

4.2. The applications of PDEAR B modelling of log-counts 
The PDEAR modelling in this paper can be divided into three steps. Let ( ),jf x y  be the log-frequency count 

at location ( ),x y  of  thj  year, j=1992, 1993,L , 2002. And further let ( ),kg t r be the log-frequency count 
for given temperature and raining fall, i.e., ( , )t r averaged as year k . 

(1) Utilizing the log-frequency count at sampled location ( ),x y  of  1992  year and PDEAR B model, 
calculate the divided partial difference with coordinate x and y respectively, fit the bivariate regression model, 
obtain parameter Λ̂ , then solve the estimated bivariate partial equation [ ] [ ]92 92

ˆ1f x f y x y∂ ∂ ∂ ∂ = Λ , the 
solution, denoted as ( )92

ˆ ,f x y gives the spatial distribution of log-frequency count at location ( ),x y  in the 
year1992 .  

(2) Repeat (1), calculate all the of log-frequency count at location ( ),x y , ( )ˆ ,jf x y  from year 1993 to 
2002. Then calculate the average log-frequency count at location ( ),x y  over year 1992 to 2002, denoted as 

( ) ( )
2002

[92,02]
1992

1ˆ ˆ, ,
11

ave
j

j
f x y f x y

=

= ∑ .  

(3) Establish the average log-frequency count, ( )
( )[92,02] ,

ˆ ,ave

x y
f t r  at ( ),t r level, (i.e., temperature, rain fall 

Level) for given location ( ),x y in terms of bivariate PDEAR B model. We calculate divided partial 

difference with coordinate t and r respectively, fit the bivariate regression model, obtain parameter *Λ̂ , then 
solve the estimated bivariate partial equation [ ] [ ] [ ] *

92,02 92,02
ˆ1ave avef x f y x y⎡ ⎤∂ ∂ ∂ ∂ = Λ⎣ ⎦ , the solution, denoted as 

[ ] ( )92,02
ˆ ,avef t r gives the dynamic law of log-frequency count with respect to ( ),t r  during [ ]1992, 2002 . Then with 

the same functional structure ( )
( )[92,02] ,

ˆ ,ave

x y
f ⋅ ⋅ , for the predicted future (temperature, rain full) level, denoted as 

[ ] [ ]( )2070,2100 2070,2100,t r , which is in average sense, calculate [ ] [ ]( )
( )

[92,02] 2070,2100 2070,2100
,

ˆ ,ave

x y
f t r , which will be the 

predicted log-frequency count with respect to ( ),t r  during [ ]2070,2100 , in average sense because the 
temperature-rain fall prediction models offer the averaged values for a given future period. 

5. PDEAR Predicted Protea Occurrence Counts 
Using the predicted results from the PDEAR model, the un-sampled cells are predicted with frequency 
counts of the Protea, for each of the 11 years 1992 to 2002. Now we can produce kriging prediction maps of 
the Proteas, using the predicted results from the PDEAR model. Fig. 3 shows the distribution of occurrence 
counts of Proteas, 1992 to 2002. Using the present precipitation and temperature data (1961-1990) and the 
future precipitation and temperature data (2070-2100) (Hewitson and Crane 2006, New et al. 2002, Tadross 
et al. 2005), rare Proteas counts are predicted for the future using the PDEAR model. See Fig. 4.  
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Fig. 3: Kriging Prediction Map of Frequency Counts of 
Proteas in the Population Size of 1-10, in the Cape 
Floristic Region, 1992-2002. 

Fig. 4: Kriging Prediction Map of Frequency Counts of 
Proteas in the Population Size of 1-10, in the Cape Floristic 
Region, in the future (2070-2100). 

 
Fig. 5 shows the changes in Proteas counts between present and future. It is clear that in general, there is 

a decline in Protea counts, but in some isolated areas, a positive increase in Protea counts is shown. 
 

 
Fig. 5: Kriging Prediction Map of Changes in Frequency Counts of Proteas between the Present and the future. 

 
This population category of Proteas only has the population size of 1 to 10, so that it is very sensitive to 

changes in climate. The Proteas between the years have changed in frequency count and spatial distribution 
patterns. Of particular interest are the dark blue areas, where there is a high decrease in Protea counts. It is 
possible some species of Protea will disappear altogether due to higher temperature and a lack of rainfall. 

6. Conclusion 
In this paper, we argue that the accuracy of spatial modelling is in nature a correct specification of model 
error structure based on the co-existence of randomness and fuzziness in the real-world and the information 
sampled from the real-world dynamics no matter the real dynamics are deterministic or random fuzzy. We 
further develop the average chance distribution for the normal random fuzzy error term on the platform of 
Liu’s credibility measure axiomatic foundation. Then we propose a bivariate partial differential equation 
associated regression (PDEAR) model, which merges the partial differential equation theory, (statistical) 
linear model theory and credibility measure theory together into a new random fuzzy modelling family. 
Specifically, we use the (multivariate) regression motivated partial differential equation subfamily for the 
spatial pattern distribution analysis. The (multivariate) regression component in a PDEAR B model is in 
nature a special random fuzzy multivariate regression model. We used the bivariate model for investigating 
the impacts from rainfall and temperature on the Protea species in the population size of 1 to 10, in the Cape 
Floristic Region, 1992-2002, South Africa. Under same the biodiversity structure assumptions, we 
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investigate the future spatial change patterns of Protea species in the population size of 1 to 10 with future 
predicted rainfall and temperature. The spatial distribution and patterns are clearly will help us to understand 
the global climate change impacts upon endangered species. 
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