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Abstract 
Model-based and design-based approaches to estimation differ in how variance of an estimator is quantified.  
Design-based variance estimators account for covariance by incorporating within-cluster variance as used in 
multi-stage sampling.  The estimators are unbiased, intuitive and free of model assumptions, but require 
subsamples at all levels of the sample design – a problem in some stratified and systematic samples.  This 
potential inadequacy of data is analogous to small-area estimation scenarios.  Model-based quantification of mean 
square error, which combines variance of the underlying process and squared bias, will not necessarily be 
representative of variation due to the sampling process.  In this paper, application of a model-assisted approach to 
quantifying variance due to the sampling process is explored.  The concept of employing a model of covariance is 
illustrated for two scenarios – a model-based scenario in which the objective is to quantify precision of an 
estimate afforded by the sampling process; and a design-based scenario in which inadequate subsampling 
precludes quantifying within-cluster variance by direct estimation.  Application of a parametric model to quantify 
variance due to sampling is demonstrated to be more representative of the empirical variance observed in 
simulations of repeated samples on a fixed realization of a random process.   

1.  Introduction 
There have been two general approaches to sampling and estimation of spatial domains – the design-based and 
model-based approaches.  Model-based approaches are based in theory of stochastic processes and parametric 
model estimation.  In spatial contexts, geoscientists have used the theory of an underlying random process to 
predict responses at unobserved locations from those observed at sample locations.  Design-based approaches 
may be favored by resource managers and government agencies estimating current totals, proportions or averages 
of spatially distributed populations or subpopulations.  An advantage of design-based estimation is the absence of 
an assumed underlying model, the misspecification of which can be difficult to detect (Hansen, Madow and 
Tepping (1983)).  The most appropriate approach depends to some extent on the objectives of a study (Hansen, et. 
al. (1983)).  References comparing model- and design-based approaches include, among others, Hansen, et. al. 
(1983); Cassel, Särndal and Wretman (1977); Brus and de Gruijter (1993); Thompson (1992); and de Gruijter and 
ter Braak (1990). 
Discussions comparing the approaches describe two different sources of variation –variation induced by the 
underlying random process, and variation induced by the sampling process.  The two sources are treated one at a 
time, except where authors have used models of covariance to compare the efficiencies of different spatial 
sampling designs (see for example, Bellhouse (1977), Godambe and M.E. Thompson (1988), Cochran (1946) and 
Flores, Martínez and Ferrer (2003)).  de Gruijter and ter Braak (1990) describe variation of design-based sampling 
as being a result of the sampling process, with no assumptions of independence.  In design-based estimation, lack 
of independence is accounted for by within- and between-cluster components of variation incorporated into multi-
stage sampling-design estimators.  Oliver and Webster (1986) note that there is a relationship between sample 
resolution, range and effective pairwise independence of points as influenced by the sample resolution. 
The response observed is sometimes regarded as fixed (Hansen, et. al. (1983); Brus and de Gruijter (1993)).  That 
the response is fixed and also has covariance juxtaposes two potentially conflic ting ideas.  Covariance implies 
randomness, but we discuss the population response for the purposes of design-based estimators as though the 



response (continuous or finite) were fixed.  A more concordant characterization is that the response is a parameter 
(the approach taken in Cassel, et. al. (1977)).  This admits stochasticity while allowing the current state of the 
universe to be summarized for the time being as "constant" for the purposes of estimating status and trend, until 
the expiration date of the study.   
Suppose a resource manager would prefer a design-based estimator, to avoid requiring the policy makers to 
entertain models – but, the necessary subsamples to correctly adjust for covariances are not available.  The 
measure of uncertainty of the estimator requires proper adjustment for covariance.  A model-based measure of 
estimator uncertainty is mean square error (MSE), which is composed of a variance component and a squared-bias 
component.  The variance term is variance with respect to the underlying stochastic process.  The model-based 
MSE does not explicitly quantify the variance in a prediction due to the sampling process.   
Sample process and random process sources of variation both influence variation in an estimator – design- or 
model-based.  In what follows, the section immediately following provides background on exchangeability, its 
role in design-based estimators, and implications for continuous domains, characterized by covariance.  A 
"model-assisted" approach to variance estimation is developed to quantify variance induced by the sampling 
process.  A discussion on small-area estimation substantiates the proposed approach.  The candidate variance 
estimation approach is illustrated for two scenarios. 
Throughout the paper, "repeated-sampling variance" and "model-assisted variance estimator" refer to essentially 
the same approach for estimating sampling-process variance.  "Repeated-sampling" emphasizes the goal to 
quantify variance induced by the sampling process on a particular realization for a model-based prediction.  
"Model-assisted" emphasizes the proposed alternative to the design-based variance estimator of a Horvitz-
Thompson (HT) estimator of domain total. 

2.  Exchangeability, sufficiency and the continuous domain 
In a continuous domain, there is not the same property of exchangeability that may characterize a finite population 
or subpopulation.  With populations of exchangeable units, a class of uniformly unbiased estimators is 
characterized in part by invariance to permutations of the response values (the "zi's") in the sample (Cassel, et. al. 
(1977)).  That is, for uniformity, the estimator does not depend on the unit labels.  The symmetric estimators are 
sufficient; thus this characterizes a class of admissible linear estimators (Cassel, et. al. (1977)).  In multi-stage 
sampling and estimation, although the estimators are described without explicit reference to the unit labels, there 
is a mapping by unit identification to cluster, and this mapping is essential to correctly incorporate covariance 
between sampling units via design-stage components of variance.  For a class of non-exchangeable population 
(including operative continuous domains), a statistic based solely on the observed responses is not sufficient, 
because the ordered relationship is relevant to inference and estimation.  For a continuous domain, the locations, 
which identify the elements in a sample, are not dispensable.  Geoscientists will not object – kriging employs the 
sample locations in optimizing prediction of new locations.  Unit labels or identifying locations (or distances) 
should be regarded as nuisance statistics for estimating population parameters, necessary for estimating variance. 
The design-based paradigm requires subsamples within clusters (or strata) in order to obtain the design-based 
quantification to account for covariances.  Sample designs such as systematic samples with a single start location 
and spatially stratified samples with one observation per stratum do not permit a direct accounting of the 
covariances.  Some alternative approaches have involved contrast estimators, or adjustments employing estimates 
of correlation such as Geary's and Moran's indices (see for example, Wolter (1985) Ch. 7; D'Orazio (2003)).  
Contrast-based estimators work by getting local measures of variance when subsamples are not available.  The 
multitude of varieties suggests performance depends on successfully defining neighborhood size and orientation 
relative to range and orientation of covariance. 
A lack of direct observation of within-cluster variance is analogous to small-area estimation scenarios.  In small-
area estimation, one employs model-assisted usage of auxiliary data.  The model in application must be assumed 
(e.g. synthetic estimators) or estimated (e.g. regression estimators) (see J.N.K. Rao (2003)).  Small-area 
estimation methods provide precedence for employing models to quantify variance in the problematic sampling 
designs.  Good practice includes validating the models and reporting assumptions and estimation methods. 

3.  A candidate repeated-sampling variance estimator 
Statisticians have investigated the efficiencies of various spatial samples for different scenarios of spatial 
autocorrelation – among them, Cochran (1946); Flores, Martínez and Ferrer (2003); and Bellhouse, D.R. (1977). 



Cochran (1946) investigated finite-population sample efficiency given serial correlation for discrete lags.  
Bellhouse (1977) continues previous extensions of Cochran's approaches to two dimensions.  Flores, Martínez 
and Ferrer (2003) estimate average pairwise-correlation in the total finite population response and between 
observations within a systematic sample, to determine sample size to achieve some specified precision.  In these 
investigations, methods to estimate efficiency suggest ways to obtain a variance estimator when direct estimates 
are problematic. 
A candidate variance estimator is developed for two applications employing a one-observation-per-stratum 
sample design:  estimating repeated-sampling variance of a kriged prediction; and of a design-based estimator for 
which the design-based variance estimator has a very highly skewed distribution. 

3.1  Background for Kriging scenario 
Ver Hoef (2000) describes a resource management application of kriging.  Kriging produces a best linear 
unbiased predictor of the response at a location conditioned on the response observed at sample locations.  Its 
application supposes that the response z(x) is a regionalized variable (continuous on the scale of interest).  
Kriging models a tendency of regression of the response toward the mean (Laslett (1997)).  For the current scope, 
assume the continuous-domain response is the result of an isotropic stationary random process (see Cressie 
(1993)).  Reference Cressie (1993), Thompson (1992), and Journel and Huijbregts (1977) among others, for 
theory and implementation. 
Ordinarily the kriging variance (the mean-square prediction error (MSE)) is employed to quantify the precision of 
the prediction.  For the purposes of resource allocations, a quantification of the precision of the prediction as 
afforded by the sampling process may be more relevant than the MSE, which incorporates natural variation over 
all possible realizations of the random process.  The candidate variance estimator is developed for linear 
estimators (or predictors) to quantify variation in an estimator due to the sampling process.  For this example, the 
kriging coefficients will be treated as though they are constant, though they are not.   

3.2  Candidate Variance Estimator 
The design-based variance for a stratified sample is restricted by the variation within a stratum.  From sample to 
sample, each observation for a stratum varies only as much as within-stratum variance.  This restricts the overall 
variability of a stratified sample and associated estimators.  When the within-stratum variance is not directly 
measurable (for the case of one observation per stratum and similarly for systematic samples), it is necessary to 
use a model-based approach to predict the variability.   
A prerequisite to kriging is the specification, estimation and validation of a semi-variogram or covariogram (see 
Cressie (1993) and Journel and Huijbregts (1977)).  With a model of spatial covariance, we estimate the average 
covariance of the response within any stratum (as approximated numerically on a grid overlaying the stratum).  
Treating kriging coefficients "λ" as though constant, sampling variance of the kriged prediction is expressed as: 
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In equation (1), variance of zi is the variance of the realization confined to the study area – the “effective” 
variance.  For positive covariance, the observed variance is less than the random process variance, depending on 
the range of the process relative to the study area size and shape.  Variance is estimated by the estimate of process 
variance reduced by average within- and between-stratum covariance.  See Appendix I.  Variance within a stratum 
of area A=w  –1 is:  
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The expected value of the first term is the population (i.e. random process) variance, estimated as the sill 
(assuming no nugget).  The second term, expected value of covariance within the stratum, may be estimated by 
integrating (numerically) over the estimated covariance function and multiplying by the inverse area "w". 
The variance within a stratum is reduced by the mean covariance.  Similarly, variance within the study area is 
reduced by the covariance across strata (estimated as the empirical average covariance of zi's).  The variance used 
in equation (1) is estimated effective variance. 



3.3  Background for variance of design-based estimate of domain total 
In the second scenario, a stratified sample with one observation per stratum uses a HT estimator of the domain 
total (see Thompson (1992); and Horvitz and Thompson (1952)).  The design-based variance estimator is 
unbiased, but can suffer from being unstable –its distribution is highly skewed.  A model-assisted variance 
estimator is developed by first conditioning on the sampling process  (See Appendix II).  The variance term of the 
conditional variance is the effective variance estimated as above, reducing the sill by within- and between-stratum 
average covariance. 

4.  Methods  
Basic stratified samples were drawn repeatedly on a single (fixed) random field.  The random field was generated 
with an exponential covariance structure using M. Schlather's RandomFields package available in R (Schlather 
(2001)).  The strata are defined by a regular 10 x 10 grid of 20 x 20 square strata overlaid on the 200 x 200 field.  
Each element in the field is (0.1)2 distance-units square, so the areal extent of the field is 20 x 20 distance-units 
squared.  Each sample contains 100 observations, with one observation per stratum.   
For the kriging application, ordinary kriging is used to predict a (randomly-selected, fixed) location (as described 
in Cressie (1993)).  Sampling and kriging were repeated for 100 trials per realization.  The computed candidate 
variance and the kriging variance were saved for each trial.  Means and histograms are compared with the 
empirical variance of the prediction.  The entire process was repeated for various sill and range values.   
In all cases, the stratum size is 2x2 distance-units squared, one observation per stratum – resulting in an average 
sampling interval of 2 distance-units.  Range is varied from 0.5 to 4 distance-units for sill set at 1 and at 4.  At 
present there is no nugget.  Both exponential and spherical forms of covariance structure are used to simulate 
isotropic random fields.  An exponential form is assumed when estimating the semi-variance, so that model-
misspecification is examined for the case that the true covariance is spherical. 
For the HT estimate of domain total (the second scenario), the candidate model-assisted variance estimate and 
design-based variance estimate are computed for each trial. 

5.  Results 

5.1  Repeated-sampling variance of Kriging 
Table 1 summarizes coverage of the observed variance of the prediction of the 100 trials by the approximate 95% 
confidence intervals of the kriging variance and candidate repeated-sampling variance estimator.  Confidence 
interval half-width is 1.96 times the observed standard deviations of the respective variance estimates.  Variance 
estimator coverages do not appear to be especially sensitive to estimation of the parameters.  There is greater 
sensitivity to the range of the process.  Observed coverages for the case that the true form of covariance was 
spherical but an exponential form was assumed did not differ substantially from these results. 
Table 1.  Observed coverage of the observed prediction variance by kriging-variance and candidate repeated-
sampling variance ~95% confidence intervals for exponential-type covariance structure without nugget.  Stratum 
size is 2x2 distance-units-squared. 
Observed prediction-variance coverage  Range 

Sill 
0.5 

4 
1 
4 

2 
4 

4 
4 

0.5 
1 

1 
1 

2 
1 

4 
1 

Kriging variance – semivariance estimated 0 0.63 0.43 0.04 0 0.65 0 0.05 
Kriging variance – semivariance known 0 0.42 0.31 0.02 0 0.52 0 0.06 
Repeated-sampling variance – semivariance estimated 0.95 0.95 0.90 0.69 0.94 0.66 0.86 0.60 
Repeated-sampling variance – semivariance known 0.91 0.89 0.81 0.79 0.96 0.94 0.54 0.96 

Figure 1 contains variance estimator histograms, for ranges 0.5, 1, 2 and 4 (and sill=4).  Each foursome of panels 
shows kriging variance and candidate variance estimator histograms, computed with estimated semi-variance 
(left) and known semi-variance (right).  The solid inverted triangle on each x-axis indicates the observed variance 
of the prediction over the 100 samples.  Generally there is more mass in the candidate-estimator histograms over 
the observed variance of the prediction than there is in the kriging variance histograms.  Averages are shown by 
the vertical reference lines overlaying each histogram. 

5.2  Model-assisted variance estimator for domain total 
Figure 2 contains four pairs of histograms for the candidate model-assisted variance estimator (on the left) and (on 
the right) for the standard design-based variance estimator of the HT estimate of the total.  Each pair summarizes  



 
Figure 1.  Histograms of computed variances of a prediction on a field of exponential covariance form, for four values of 
range.  Each foursome of panels contains kriging variances (upper panels) and candidate repeated-sampling variances 
(lower panels).  Left-hand panels are variances computed using estimated semi-variances; right-hand panels are those using 
the known semi-variance.  The solid inverted triangle on each x-axis indicates the observed variance of the kriged prediction 
at a randomly selected, fixed location over 100 samples on the realization of the specified sill and range. 

Figure 2.  Pairs of histograms of variances of the design-based estimate of the domain total, for a stratified sample with one 
observation per stratum.  For four range values and an exponential covariance form, histograms shown are the candidate 
model-assisted variance estimator (left panel) and design-based variance estimator (right panel).  The observed variance of 
the estimates of region total from 100 samples is indicated by the solid inverted triangle on each x-axis.  Note the difference 
in scales between the model-assisted and the design-based x-axes.  The design-based variance estimator is highly skewed. 
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the results for 100 samples, using the estimated semi-variances, on a particular realization of a random process 
with exponential covariance structure, with a sill of 4 and range of 0.5 (upper left pair), 1 (upper right pair), 2 
(lower left pair) or 4 (lower right pair).  Note that the scales on the x-axes are all different and that the design-
based variance estimator can be very skewed.   
Vertical reference lines in Figure 2 show means and medians of the variance estimators over the 100 trials.  
Averages and medians of variances computed using known semi-variance were similar – the greatest difference 
being for range=4, where variance is under-estimated instead of over-estimated.  Bias of the variance estimator, as 
indicated by the averages, is less extreme for the candidate model-assisted variance.  Bias of the design-based 
variance estimator tends to increase as range increases.  Results for a sill of 1 follow the same patterns. 

6.  Discussion 

6.1  Candidate variance estimator for Kriging  
Generally, the kriging variance is too high to represent the repeated-sampling (i.e. sampling-process) variance of a 
prediction.  A large effective range relative to sampling resolution and dimension of the study area will reduce the 
variance within a sample, since the observations will co-vary.  In the great majority of the trials, the sum of the 
squared bias and observed (repeated-sampling) prediction variance did not add up to the kriging variance.   
There is an interaction between independence of the response and sample resolution and range.  The simulated 
"study region" dimensions were held fixed (20x20 distance-units-square) as the range and sill were changed.  At a 
range of 4, the random field spans only 5 times the range.  The effective range is substantial relative to the 
dimensions of the field, and so there is non-negligible covariance within much of the area.  Sill and range were 
estimated using REML.  In general, the sill effect was repeatedly underestimated for cases for range 1, 2 or 4 and 
overestimated for cases of range 0.5.  The range is more often underestimated than overestimated. 
The effective variance of the study area is estimated as the process variance (the sill) reduced by average 
covariances of within- and between-strata.  The computed average covariance will be too small for 
underestimated range, resulting in some positive bias in the candidate variance estimator.  Since the sill is more 
often under-estimated as range increases, the two sources of error balance each other to some extent. 
The results for misspecified form of covariance (assuming exponential when the process is spherical) were not too 
different from those where the correct form of covariance is modeled.  When the covariance structure is actually 
spherical, the sill is underestimated every time.   
The known semi-variance was employed to diagnose the candidate variance estimator for bias.  There is not a 
detectable pattern of over or under bias in the kriging repeated-sampling variance scenario. 
The kriging-coefficient optimizing equations involve the inverse covariance matrix of sample locations, and the 
vector of covariances of sample locations with the location to be predicted (see Cressie (1993)).  As illustrated in 
Diamond and Armstrong (1984), a small perturbation to just one sample location can have a substantial impact on 
changes in the individual kriging coefficients.  Actually determining how the elements in the kriging-coefficient 
vector will change is complex.  Nevertheless, for the effective stratum dimensions and ranges explored herein, for 
many if not most observations, the contribution for a kriging prediction turns out to be essentially zero (many of 
the coefficients are on the order of ±10-4 to 10-6).  There remains about a half dozen or so terms for which the 
kriging coefficients are substantial.  The joint distribution of the kriging coefficients is too complex to determine 
practically.  The impact of treating kriging coefficients as constant remains unquantified. 

6.2  Candidate variance estimator for design-based domain total 
The design-based variance estimator of the HT estimator can be very skewed.  This is a feature of the design-
based approach to variance estimation in the context of stratified sampling, in which the pairwise inclusion 
probability densities vanish as the distance between a pair of points diminishes.  It is not frequent to have two 
points close together in stratified sampling, which characteristically spreads the points out over the domain to 
achieve a spatially balanced design.  The occasional high estimates of the variance are a result of division by the 
occasional very-small pairwise inclusion probability density.  The model-assisted variance estimator avoids this 
altogether.   
There is substantial bias in the standard design-based estimator, tending to increase with increasing range.  
Without within-cluster subsamples, the design-based variance estimator behaves like the simple -random-sample 
(SRS) estimator; but with the points spread out and restricted to their strata, there is less variance than that of 



SRS.  The bias of the model-assisted variance estimator is much less extreme than the standard estimator (note 
vertical reference lines in Figure 2.).  Computations using the known semi-variance were examined to diagnose 
bias in the model-assisted variance estimator to eliminate confounding of parameter estimation.  (Results are 
similar for estimated sill and range).  There is a tendency for the model-assisted estimator to be negatively biased 
at range=4 but positively biased for smaller ranges.  The source of bias may be a function of the interaction 
between range, sampling resolution and study-region dimensions (see discussion above).  For estimated sill and 
range, the estimator appears to be positively biased, because the parameters are underestimated at range =4. 

7.  Concluding remark 
An estimator on a population with covariance is not sufficient without incorporating unit or element order.  For 
incremental or second-order stationary isotropic processes, the semi-variances summarize the information relevant 
to order as a function of inter-element distance.  The model-assisted variance estimator explicitly incorporates the 
population covariance structure.  It remains to explore whether such an estimator is sufficient and thus admissible, 
and whether alternative classes are inadmissible. 
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Appendix I – Within-stratum variance  
Computations in this section are similar to error variance modeling described in Ripley (1981).  z(x) (abbreviated 
"z") is a realization of a stationary, isotropic random process.  The covariance of the response z(x) and z(y)  is 
assumed to be a function of the distance "h" between x and y, denoted C[z(x),z(y)] = C[||x-y||] = C(h).  Denote the 
random process mean and variance E[Z(x)] = µ and V[Z(x)] = σ2.  To indicate an expectation or variance within a 
stratum of area A, denote the expectation conditional on the realization Z as E[z | Z; A]; similarly for the variance.  
The variance of the response within an area A is E[(z – zA)2], where zA is the mean of the response in area A 
(denoted |A|=w–1).  Note that µ=|A|w µ= w? µ dx.  Within-stratum variance is expressed as follows: 
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The expression in (1) simplifies by combining the 2nd and 3rd terms in the integrand.   
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The third term in (1) is expressed as in (2) by noting that (zA-µ) = w ? (z(y) – µ) dy is constant with respect to dx, 
and can be taken outside the integral.  Bringing the original w into the integral, the expression becomes: 
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Appendix II – Model-assisted variance estimator 
Variance of a design-based estimate of area total (t hat)is developed for a stratified sample of one observation per 
stratum.  The variance estimator accounts for variance due to sampling process and for covariance of the response 
z(x) in the study area.  The variance estimator is developed by first conditioning on the sampling process "S".  
"w" is a vector of design-based weights used in the Horvitz-Thompson estimator of the total.  "z" is a vector of 
sample observations. 
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The design-based expectation of the estimate for area total is unbiased, and there is no variance in the area total 
with respect to a particular realization.  Therefore the variance of the conditional mean is zero. 

The design-based variance of the linear combination of observations w'z is described in various texts (e.g. 
Thompson (1992)), extended to the continuous domain by Cordy (1993).  Inclusion probability densities are 
denoted by pi; joint inclusion probability density of the ith and jth  points are denoted by pij. 
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With one observation per stratum, zi and zj are from different strata and pij = pipj, so the second term is zero.  It 
remains to take the expectation of the conditional variance: 
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A zero-mean random process has no mean-squared term in the numerator.  The variance σ2 is the effective 
variance, adjusted for covariance within and between strata, as developed in Appendix I and discussed in Section 
3.2. 


