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Abstract 
The problem of the quality assessment of results from geographical applications can be 
tackled with the help of sensitivity analysis and uncertainty analysis techniques. Sensitivity 
analysis studies the relationships between the output and the inputs of an application. 
Uncertainty analysis aims at quantifying the overall uncertainty associated with the response 
of an application. Both techniques rely on the description of a geographical application by a 
numerical model. Uncertainty and sensitivity analyses are very well established techniques, 
with applications in many fields (nuclear, environmental, etc.). They rely on an array of 
techniques including Monte-Carlo simulations and ANOVA. However, they can only be 
performed when the output and input variables are scalar variables. This restriction can be 
handled when the geographical data is in raster format, but has many consequences for vector 
data. We discuss this point, and propose methods to overcome these limitations in case of 
vector and raster data. Our methods rely on a statistical modeling of uncertainty in the input 
variables that takes into account correlation, on the definition of summaries of the results in 
non-Euclidean spaces, and on simple meta-models linking the summaries of the output to the 
input variables. We also investigate the use of functional analysis, and high-dimensional 
model representations. 
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1 Introduction 
The development of complex geographical applications has raised the question of the 
reliability of these applications. In the literature, studies tackling this problem refer to error 
propagation, error modeling, uncertainty modeling, (geographical) sensitivity analysis, 
(geographical) error analysis (Lodwick et al., 1990; Fisher, 1991; Heuvelink, 1993; Heuvelink 
and Burrough, 1993; Vergerin, 1994 among many others). The aim of these studies is to 
analyze the uncertainty in the output of spatial models, given a certain knowledge on the 
model and on the uncertainty in the input. 

Actually, all these studies are related to two classical techniques developed to study 
uncertainties when dealing with numerical models: uncertainty analysis and sensitivity 
analysis. After (Saltelli et al., 2000), sensitivity analysis is “the study of how the variation in 
the output of a model (numerical or otherwise) can be apportioned, qualitatively or 
quantitatively, to different sources of variation, and how the model depends upon the 
information fed into it”. Uncertainty analysis is a more general study whose aim is to “quantify 
the overall uncertainty associated with the response as a result of uncertainties in the model 
input”. Thus, uncertainty analysis considers the uncertainty on the model output as the result of 
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the propagation of errors in input data and uncertainties in the model itself. Sensitivity analysis 
focuses on how the output of the model depends on the input. 

The general problem of uncertainty and sensitivity analysis for GIS-based model is discussed 
in (Crosetto and Tarantola, 2001). However, this paper focuses mainly on raster data, and 
variance-based technique. To our knowledge, (Bonin, 1998) is the only published study on 
vector geographical applications, while (Crosetto and Tarantola, 2001) takes into account 
vector data in a raster-based study. 

Due to the very nature of vector data, classical uncertainty and sensitivity analysis techniques 
cannot directly be used to assess uncertainties of a geographical application relying on vector 
geographical data. Section 2 illustrates the specificity of vector geographical applications when 
performing uncertainty and sensitivity analysis. Section 3 presents the classical approaches to 
perform uncertainty and sensitivity analysis. Their application is discussed in Section 4, with 
an highlight on error modeling and two research directions to tackle the problem of sensitivity 
analysis for vector data. Section 5 concludes the paper. 

2 Geographical applications and numerical models 
The first step to perform uncertainty and sensitivity analysis on a geographical application is to 
write the system as 

),...,( 1 kxxfy =  (1) 

where: 
y denotes the result of the geographical application, 
x1,...,xk denote the k inputs and parameters of the application. 

Note that generally a distinction is made between parameters and input data. A parameter is 
used to tune the modeling hypotheses and takes the same value from one use case to another, 
whereas the input data varies according to the use case. Parameters are only relevant when 
performing uncertainty analysis. We consider in this paper that xi may denote a parameter or 
an input variable. 

The second step to perform uncertainty and sensitivity analysis is to suppose that x=(x1,...,xk) is 
the realization of a random variable X=(X1,...,Xk) characterized by a joint probability density 
function assumed to be known. Then y is considered to be a realization of a random variable Y 
whose probability density function can be estimated, as well as statistical summaries (e.g. 
mathematical expectation, variance). Thus, equation (1) is turned into 

),...,( 1 kXXfY =  (2) 

While simple and natural, equation (1) needs to be discussed. The first point to precise is the 
space in which y and xi live. The usual way to write things is to suppose that the inputs and the 
output are scalar. Thus, f is real-valued function of k scalar variables. This hypothesis can be 
satisfied if: 

• A suitable scalar summary variable can be identified for the output of the 
geographical application (e.g. shortest travel time if the application is an itinerary 
computation). Then, variable y is this summary. Note that this practice is quite 
common, and that uncertainty and sensitivity analysis cannot be performed without 
the help of an expert who evaluates the results of the application. 
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• The input variables are scalar.  

Let us discuss further the second hypothesis. When dealing with geographical applications, 
geographical data are hardly ever scalar. Three kinds of geographical data may be used: 
quantitative raster data (e.g. altitudes in a gridded elevation model), qualitative raster data (e.g. 
land used determined by classification on a satellite image), and vector data. A common 
practice when sensitivity analysis focuses on the input uncertainty is to substitute to the input 
variables Xi the parameters of the errors models designed for these variables. 

Moreover, when using the Monte-Carlo technique (see Section 3.2), it is sufficient to be able 
to estimate the law and simulate realizations of the random variables Xi to perform uncertainty 
analysis. In that context, Xi may not be scalar. 

In terms of uncertainty, the usual model found in the literature for quantitative raster data 
consists in a deterministic raster data set, perturbed by a spatially stationary bias (i.e. scalar), 
and a Gaussian random field with zero mean and correlation matrix C (restricted to σ2I for a 
white noise). Thus, if the objective of the sensitivity analysis is to assess the influence of the 
error field on the results of the application, each raster layer used in the application is 
characterized by the parameters of the error field (bias and correlation matrix). The relative 
easiness of this modeling explains why sensitivity analysis has been widely used to assess the 
uncertainty of raster based geographical applications (Heuvelink, 1998). 

Things are much more complicated when dealing with vector data. While a n×m quantitative 
raster layer can clearly be assimilated to a 2-dimensional field, and each raster layer 
corresponds to an input variable Xi, a vector layer composed of points, polygonal lines and 
polygons (sometimes with polygonal holes) live in a much more complex space. Thus, it is 
quite difficult to model correctly uncertainty, that is to say to design models that take 
correlation into account. Very few statistical models exist for geometrical features despite 
extensive research on the field (Shi, 1998; Shi and Liu, 2000), and little attention has been paid 
to attributes (Bonin, 2002). Moreover, when conceptually handling vector data, all objects 
belong to the same geographical space whatever the way the data producers delivers its 
information. The identification of relevant input variables may be intricate. 

An additional issue when applying sensitivity and uncertainty analysis to geographical 
applications is that classical techniques work best when the input data (X1,...,Xk) are not (or 
little) correlated. Depending on the application, this assumption can be hard to satisfy. For 
instance, when dealing with an hydrological modeling, the digital terrain model, the land use 
map, the infiltration map and initial soil moisture map may be somewhat correlated in some 
areas. To overcome this problem, it is possible to replace the geographical input Xi in Equation 
(2) by the parameters of the error models that are considered for the analysis if the sensitivity 
analysis is focused only on the influence of uncertainty on the output result Y. Then, the 
parameters of the error models are less likely to be correlated. 

3 Uncertainty analysis and sensitivity analysis 
Sensitivity analysis studies the relationships between the output and the inputs of an 
application. Uncertainty analysis aims at quantifying the overall uncertainty associated with 
the response of an application. We will focus in the sequel of this paper on sensitivity analysis, 
as uncertainty analysis is generally performed by Monte-Carlo analysis. Both techniques rely 
on the analysis of function f from equation (2). The restriction to scalar inputs and output 
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makes sense because obviously sensitivity will be linked to the partial derivatives ixf ∂∂ /  of 
f. These partial derivatives are computed at point x0=(x1

0,..., xk
0) (called nominal value), and 

this approach will lead to local sensitivity analysis. It is generally restricted to first order 
partial derivatives, and thus cannot evaluate cross effects between input variables. A global 
sensitivity analysis incorporates the range of the probability density function of input variables 
xi (i.e. the range of possible values for xi), and not only the shape of the probability function 
(linked to the partial derivative of f). Moreover, global sensitivity analysis studies the 
sensitivity of the application to an input variable xi while the remaining input variables also 
vary. 

We briefly present local and global sensitivity analysis techniques, to evaluate their relevance 
to vector geographical applications. 

3.1.1 Factor screening 
The idea of factor screening is to select the subset of input variables that controls most of the 
output variability rather than studying the actual influence of input variables on the output 
(sensitivity). It can be useful when dealing with a large number of input variables. 

Screening methods are one-at-a-time experiments: the impact of the evolution of each input 
variable is evaluated. The techniques introduce a control experiment, i.e. an experiment with a 
standard value for each of the input variables. Then, for each input variable, two extreme 
values are selected by the analyst, and the factor for which y varies the most is ranked first. It 
is possible to take into account cross-effects through factorial experimentation (or fractional 
factorial), at the expense of an increase in the computational cost of the analysis. 

From a mathematical point of view, screening techniques focus on the supports of the 
probability density functions. 

The results of screening methods are clearly qualitative: they rank input variables in order of 
influence on the output, but dot quantify how much more important a factor is than another. 
This information should not be disregarded: it can help the analyst to select data sets for which 
quality is critical. However, these techniques are seldom used for geographical applications. 

3.1.2 Differential analysis 
Differential analysis deals with local sensitivity analysis: it focuses on the evaluation of the 
partial derivatives ixf ∂∂ /  of f . The choice of the nominal value x0=(x1

0,..., xk
0) is crucial. 

Several methods exist to compute the partial derivatives of f, from the trivial finite-difference 
approximations to sophisticated techniques (e.g. Green function method, polynomial 
approximation). 

The practical interest of these techniques is when dealing with the kinetics of a spatially 
homogeneous system, that can be modeled into an ordinary differential equation problem. 
However, we will see in section 4 that a functional sensitivity model can also be useful to 
model a geographical problem where the spatial homogeneity assumption is not likely to be 
satisfied. 
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3.2 Monte-Carlo simulations 
Monte-Carlo analysis is well-known from geographers as many studies in the literature rely on 
Monte-Carlo techniques (Fisher, 1991; Goodchild et al., 1992; Heuvelink, 1998; Bonin, 1998). 
Basically, a Monte-Carlo analysis can be decomposed into the following steps: 

• Estimation of the probability distribution functions for each Xi, or determination of 
the distributions and ranges of variation for each Xi.. 

• Generation of a sample from the distributions and ranges of the input variables. 
• Evaluation of the results of the geographical application for each element of the 

sample. 
• Uncertainty analysis. 
• Sensitivity analysis. 

If no appropriate data is available to estimate the probability density functions of input data, 
the first step can be performed with a crude characterization of the probability distributions of 
Xi if no information is available. Note that the range of the input variables (i.e. the support of 
the probability density function) has generally a greater impact than the distribution itself. 

The sampling step of the Monte-Carlo is easy when no input variables are not correlated. The 
test case briefly presented in Section 4.4 makes uses of a derivative of the Iman-Conover 
procedure (Iman and Conover, 1982) to introduce correlation between data. 

The uncertainty analysis is readily obtained by assessing the probability distribution function 
of Y on the basis of the sample. Empirical expectation and variance can be computed, as well 
as non-parametric density estimations (e.g. kernel estimation). 

The sensitivity analysis can be assessed by correlation coefficients, regression analysis or 
partial correlation coefficients. 

This technique is easy to adapt to the geographical field for raster data. With some effort, it can 
also be applied to vector data in specific cases. 

3.3 Variance-based techniques 
The critical step of Monte-Carlo sensitivity analysis is generally the last step which requires 
regression or correlation analysis. Regression and correlation analysis work best when there is 
some linearity in the analyzed application. 

Another approach to the same problem is to consider the contribution of the input Xi to the 
variance of the output Y as an index for the sensitivity of the model to this input 
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Note that this importance measure clearly lacks robustness and is highly influenced by outliers.  

These coefficients are easy to evaluate when performing ANOVA-like methods (ANalysis Of 
Variance), based on Monte-Carlo with an appropriate sampling strategy. A classical procedure 
to evaluate coefficients Si from Equation (3) is the Fourier Amplitude Sensitivity Test (FAST). 

A nice feature of variance-based techniques is that they work for non-linear and non-additive 
models, which is not the case for regression or correlation analysis. They explore the whole 
range of possible values for the input factors, and thus are a kind of extension of the screening 
techniques. 
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3.4 Response surface analysis 
The last method is heavily used for sensitivity and uncertainty analysis. It consists in 
developing a surface approximation to the model, called meta-model. Then, this approximation 
replaces the actual application in uncertainty and sensitivity analysis. A response surface 
analysis is performed as follows: 

• Estimation of the probability distribution functions for each Xi, or determination of 
the distributions and ranges of variation for each Xi.. 

• Definition of the combinations of variables values used to evaluate the model 
(experimental designs). 

• Evaluation of the model. 
• Construction of the response surface that approximates the model (meta-model). 
• Uncertainty analysis. 
• Sensitivity analysis. 

This method is similar to the Monte-Carlo analysis. However here the experimental designs 
are not probabilistic, but chosen to ensure that the structure between the input variables reflects 
the problem. 

The construction of the surface response is most frequently performed by a least-squares fit to 
a linear meta-model 

∑ ∑
= <

+++=
k

i ji
jiijii xxaxaay

1
0 ...  (4) 

where ai, aij, aijk, ... are real numbers. 

Note that the linear meta-model (4) plays the role of a Taylor expansion of application (1). 
Thus, uncertainty sensitivity analysis is immediately obtained by injecting the random 
variables Xi from (2) in (4) which gives Y. Sensitivity analysis is apparent is the values of 
coefficients ai. 

Generally, only the first order coefficients ai are considered. Note that the response surface can 
be arbitrarily complex, at the expense of a more difficult sensitivity analysis. 

4 How to deal with vector data? 
Whatever the procedure chose for geographical sensitivity and uncertainty analysis, a key 
point is error modeling. It is required to be able to assess uncertainty in the data, as well as to 
simulate some in case of Monte-Carlo analysis. This complexity of this step must not be 
under-evaluated in case of vector data. 

Moreover, the restriction of the scalar nature of output Y and input Xi can somewhat be 
overcome by novel techniques. We review functional analysis and high-dimensional model 
representation, which are peculiarly relevant in case of geographical applications, and present 
our approach based on surface response methodology. 

4.1 Error modeling 
Vector data consists in geographical objects with attributes, and geometrical primitives 
representing their spatial extent.  

Attribute uncertainty for vector data has received little attention in the literature. Attribute 
uncertainty is commonly assessed by the enumeration of errors. To our knowledge, our model 
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(Bonin, 2002) is the only parametric model directly suitable to simple attribute error 
simulation on vector data. 

Geometrical uncertainty has been widely studied. However, few works formally take into 
account correlation when dealing with positional errors for linear objects, and these models are 
heavy to implement.  

We propose here a simple approach to model positional errors of linear objects. Our technique 
uses non-causal 2D ARMA models (Auto-Regressive, Moving Average) adapted from 
(Huang, 1984; Jones and Vechia, 1993). Points of interest are the construction points of the 
polygonal line. A vicinity J(i) for a point of interest i is defined by a weight matrix W 
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And the ARMA(p,q) process is defined by 

εα BAX +=  (6) 

Where 
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I is the identity matrix, 
ε  is a white noise with variance 2σ , 
α , a1, ...,ap, b1, ..., bq are unknown real parameters. 

This model can be easily applied for a line string because the vicinity can be chosen simply to 
be wi,i-1=wi,i+1=1/2 in most cases. The initial values for the estimation of the process are taken 
at both ends of the line string. Several algorithms to estimate such models exist as they are 
well spread in image processing to model noise in images (Francos and Friedlander, 1998). 
Then, the model estimated on real data can be used to simulate realistic errors. 

4.2 Functional analysis 
Differential analysis requires Y and Xi to be scalars. Obviously, this assumption is not always 
satisfied for geographical applications. This is also the case for many physical models that 
depend on spatial coordinates and time (e.g. atomic physics). 

It is possible to consider equation (2) as a functional of functions Xi = Xi(s), s being the spatial 
coordinate. Then, sensitivity is a functional sensitivity, analog to a parametric sensitivity. The 
remaining of the analysis is alike classical local sensitivity, with functions replacing scalars. 

4.3 High-dimensional model representations 
High-dimensional model representations (HDMR) are designed to overcome the limitation of 
one scalar Y as output for the application. In this framework, the output Y is supposed to be a 
function taking values over an n-dimensional Euclidean space. While natural, this extension 
has severe drawbacks in terms of computational complexity. A useful tool to handle high-
dimensional model representations is the HDMR expansion (Rabitz et al., 1999) 
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where f0 denotes as constant over the output domain, 
fi(xi) gives the effect of xi acting independently (but not necessarily linearly), 
fij(xi,xj) gives the cooperative effect of xi and xj. 

This expansion serves as a basis for sensitivity analysis through extension of the ANOVA 
technique (with the help of projections), or cut-HDMR which represents function f as a 
superposition of its values on lines, planes and hyperplanes (of higher orders) passing through 
a point named cut-center. 

4.4 Response surfaces 
We propose to adapt the response surface method to study sensitivity for applications with 
results and input variables of arbitrary complexity. We define a reference result Yref 
corresponding to a given set of inputs X1,ref,...,Xk,ref, and define a distance between results (in 
the non Euclidean space where variables Y live): Y = dY(Y,Yref) as well as distances between 
input variables dXi=d(Xi,Xi,ref). 

Then, we investigate very simple meta-models to link dY to dXi, either linear 

∑
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or linear with jumps 
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with ε  the regression error, and ai, bi and si real parameters. 

The linear meta-model corresponds to the case when result quality decreases with noise in the 
input. The jump meta-model corresponds to the case when results are correct provided that 
error level in the input is low, and then bad. In our experience, with complex geographical 
applications, such threshold effects are very commonly observed. Equations (8) and (9) can 
also be combined. The models are proposed and estimated with a design of experiment. 

Uncertainty is then directly given by the value of dY, and sensitivity is derived from equations 
(8) and (9), possibly infinite in case of equation (9). 

This methodology has been tested on a very simple test case: the computation of a flowline 
map on a raster digital terrain model. Correlated noise has been introduced in the terrain model 
with the help of a Gaussian random field, and an adaptation from the Iman-Conover rank 
correlation procedure (Iman and Conover, 1982). Then, the meta-model linking differences 
between flowline maps and the amount of noise introduced in the terrain model has been 
estimated, and fitted to a piecewise linear model (Figure 1). The first threshold corresponds to 
a noise amount slightly greater than the pixel size. 
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Figure 1. Digital terrain model used for the test (left) and piecewise linear meta-model linking noise in the 
terrain model and quality of the flowline maps (right). 

5 Conclusion 
In this paper, several techniques related to uncertainty analysis and sensitivity analysis have 
been reviewed, with respect to their applicability to vector geographical applications.  

We argue that in case of vector geographical applications, the issue of error modeling and error 
simulation must not be underestimated. A novel model to simulate realistic noise in linear 
feature position is briefly detailed, as a complement to the parametric attribute error model 
proposed in (Bonin, 2002), to cover the semantic and geometric aspects of vector data. 

Moreover, state-of-the-art techniques that are relevant to the context of geographical 
applications with non-scalar output and input variables are described. A small application of 
response surface methodology adapted to the context of geographical illustrates the current 
research directions that are being investigated. 
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