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Abstract 
This work concerns the interpolation of environmental data using fuzzy splines in order to 
monitor water quality in a river. A fuzzy interpolated model representing the river water 
quality is constructed and  then queried in order to retrieve information useful for planning 
precautionary measures. Moreover the information retrieved can be used in order to improve 
the distribution of the monitoring sensors on the basin area for optimizing the coverage. 
Geographical data concerning environment pollution consist of a large set of temporal 
measurements (representing, e.g .monthly measurements for one year) at a few scattered 
spatial sites. In this case the temporal data at a given site must be summarized in some form in 
order to employ it as input to build a spatial model. Summarizing the temporal data (data 
reduction) will necessarily introduce some form of uncertainty which must be taken into 
account. Fuzzy numbers can represent this uncertainty in a conservative way without any 
statistical “a priori” hypothesis. This method has been employed for ocean floor geographical 
data by Patrikalakis (1995), in the interval case, and Anile et al. (2000), for fuzzy numbers, 
and to environmental pollution data by Anile et al.(2004) Fuzzy interpolation is carried out 
with splines to get a deterministic model for environmental pollution data. Then the model is 
interrogated by fuzzy queries to find the sites exceeding a quality threshold. The results 
suggest the areas of the basin which should be subjected to a further rigorous examination; 
therefore the methods could be useful for monitoring network reorganization in order to be 
better representative of water quality. 
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1 Introduction 
Environmental regulations require the monitoring of the envirnomental state of a water basin 
in order to preserve or improve the water quality with respect to a target fixed in advance in 
terms of indexes. The necessity to represent a large amount of data related to an observation 
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period and to compare it with respect to an ideal target (represented by a suitable index) 
compel to consider the uncertainty involved in the data survey and classification. The 
uncertainty arises from:  

• Lack of precision in environmental surveying, 
• Vagueness of the quality index definitions, 
• Arbitrariness in the classification with respect to the indices. 

As pointed out by Silvert (2000) thresholds for environmental indices are meaningful only in 
the context of the knowledge of natural background levels, regulatory policy and the 
vulnerability of the main environmental components and this implies that their values are 
comprised within some ranges according to some degree of confidence. Therefore it is natural 
to relate environmental indices and their thresholds to some idea of acceptability measure, 
which would be over restrictive to treat as a crisp number but instead could in a more natural 
way encompass some range. Hence an environmental index or threshold could be interpreted 
as an interval or more generally as the membership in a fuzzy set which is constructed from a 
nested sequence of intervals together with a presumption level for each interval. 

The representation of uncertainty in an environmental survey by means of fuzzy number 
interpolation allows to obtain a continuous model of the pollutions along the main axis of a 
basin, witch is useful to locate the pollution sources, to monitor them and to operate in order to 
improve the environmental quality. 

2 Fuzzy Representation of uncertainty 

2.1 Modeling observations 

Let O  be a sequence of n  observational data in a domain 2X R⊆  in the form 

1 1 1{( , , ), , ( , , )}k k kO x y Z x y Z= K  (1) 

with 

,1 ,( , ) , { , , }i i i i i mx y X Z z z∈ = K  

where ,i jz R∈  represents the j-th observation at the point ( , )i ix y . 

If the data set iZ  comprises a large number of observations ,i jz  a representation of iZ  in 

terms of a probability density can be achieved and then a stochastic model can be fitted to the 
data in the form of a stochastic surface. However, in general, this approach requires special 
assumptions on the joint probability density of the data distribution which are difficult to check 
from the data themselves. Furthermore the interrogation of the stochastic surface model can be 
done, in general, only through Monte Carlo simulation, which is both noisy and 
computationally very expensive. Finally, this approach cannot be pursued when the data set 
contains only few data and the data quality is judged subjectively from the observer. 

For all these reasons another approach has been introduced by Anile (2000) and Lodwick 

(2001) that represents the datum iZ  with an appropriately constructed fuzzy number which 
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reflects both the data distribution and their quality. Here fuzzy numbers \cite{KG} are defined 

as maps that associate to each presumption level [0,1]α ∈  a real interval Aα  such that 

'' ''' ' A Aα αα α> ⇒ ⊆  (2) 

and the latter property is formally called convex hull property. A regularity property such as 
upper semi-continuity is usually also invoked. 

The core of a fuzzy number is the set of values with membership equal to 1. When the core has 
only one element the latter is called modal value. The support of the fuzzy number is interval 
where the membership function is positive. In this representation fuzzy numbers are viewed as 
the natural generalization of intervals and intervals can be viewed as fuzzy numbers whose 
core equals its support. 

By utilizing one of several methods for constructing fuzzy sets membership functions 

(Klawonn 1994, Gallo ) from iZ  one can represent the n observational data as 

1 1 1{( , , ), , ( , , )}O k k kF x y Z x y Z= % %K  (3) 

where ( )iZ F R∈%  is the fuzzy number representing the observations at the point ( , )i ix y . 

Arithmetic operations among reals are extended to operations among fuzzy numbers by 
utilizing first the extension principle of interval arithmetic \cite{Hansen}. 

Definition. (Operation ⊗  between intervals) 

Given two intervals [a, b] and [c, d] the operation [a, b] ⊗  [c, d] is defined formally by 

( )[ , ] [ , ] min ({ | [ , ], [ , ]} [ , ])f ea b c d x y x a b y c d e f−⊕ = ⊕ ∈ ∈ ⊆  

Likewise the operations among fuzzy numbers are introduced by the following definition 
\cite{KG},\cite{AnileDP} 

Definition. (Operation ⊗  between fuzzy numbers) 

The operation 1 2F F⊗  associates with the fuzzy numbers 1 { [0,1]}{ }F Aα α∈=  and 

2 { [0,1]}{ }F Bα α∈=  the fuzzy number { [0,1]}{ }F Cα α∈=  such that [0,1]α∀ ∈  one has 

C A Bα α α= ⊗  

Fuzzy arithmetic, which is based on interval arithmetic, is conservative with respect to the 
uncertainty of the data in the sense that by utilizing the min-max operations it yields 
under/overestimation for each α -cut. 

2.2 Fuzzy Splines 
Similar to what is done for intervals in \cite{Patri95}, we introduce fuzzy spline as follow 
Anile (2000): 
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Definition. (Spline fuzzy) 

A fuzzy spline ( )f t  relative to the knot sequence 0 1( , , ,  )mt t t… , 2( 1)m k h= + − , is 

a function of the kind ( ) : ( )f t R F R→  defined as 

2 1

,
0

( ) ( )
h

i i h
i

f t f B t
−

=

= ∑  (4) 

where the control coefficients if  are fuzzy numbers and , ( )i hB t  real spline basis functions. 

Notice that the fuzzy spline definition is consistent with the previous definitions and more 
precisely for any t , ( )f t  is a fuzzy number, i.e. it verifies the convex hull property (2): 

'' ''' ' ( ) ( )f t f t tα αα α> ⇒ ⊆ ∀  (5) 

because the spline basis are non negative. Similar considerations in the more general 
framework of fuzzy interpolation can be found in Lodwick-Santos (2003). 

3 Inequality relationship and query of a fuzzy spline 
After having constructed an interval or fuzzy model for a sequence of data the problem arises 
of interrogating such a model in order to retrieve the required information. As a general rule 
this problem is given in terms of inequality among fuzzy numbers, such as 

( )f t z≤ %  

Therefore the basic question is now how to define appropriate meanings for equality and 
inequality among fuzzy numbers and among interval. 

In order to represent the inequality relationship it is convenient to introduce the definition of 
overtaking between fuzzy numbers. As usual we start with overtaking between intervals 
Definition. (Overtaking between intervals) 

The overtaking of interval A  with respect to interval B  is the real function 
: ( )I R Rσ →  defined as: 

0

( , )
( )

1

u l

u u
u l l l

l l

A B
A BA B A B A B

width A
A B

σ

⎧ ≤
⎪

−⎪= > ∧ ≤⎨
⎪
⎪ >⎩

 (6) 

where width(A) is the width of interval m. 
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Figure 1 Interval A overtakes B by 0, B overtakes C by {3/5 and finally D overtakes C by1. 

Figure 1 clarifies the above definition. The overtaking of A with respect to B is 0, of B with 
respect to C is 3/5 while of D with respect to C is 1. 

From this definition one can define the δ -overtaking operator as: 

Definition. (δ -overtaking operator between intervals) 

Given two intervals A, B and a real number [0,1]δ ∈  then A overtakes B by δ  if 

( , )A Bσ δ>  (7) 

i.e. 

( , )A B A Bδ σ δ> ⇔ >  (8) 

Likewise we can define the overtaking between fuzzy numbers as follows. 

Definition. (Overtaking between fuzzy numbers) 

One defines overtaking of the fuzzy number A%  with respect to the fuzzy number B%  the real 

function 2: ( )F R Rσ →  defined as 

1

0
( , ) ( , ) ( )A B A B w dα ασ σ α α= ∫% %% %  (9) 

:[0,1]w R→  is a monotone integrable weight function. 
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Figure 2 The fuzzy number A overtakes B by 0, B overtakes C by about 0.61, finally D overtakes C by 1. 

Figure 2 clarifies the above definition. The overtaking of A with respect to B is 0, of B with 
respect to C is about 0.61 while of D with respect to C is $1. 

Likewise one can define the operator of δ -overtaking between fuzzy numbers as follows. 

Definition. (δ -overtaking operator between fuzzy numbers) 

Given , ( )A B F R∈% %  and a real number [0,1]δ ∈  then A%  overtakes B%  by δ  if 

( , )A Bσ δ>% %  (10) 

i.e. 

( , )A B A Bδ σ δ> ⇔ >% %% %  (11) 

4 Fuzzy representation of river pollution 
The proposed methodology is applied to a specific case study: the water quality monitoring of 
Piave river in the north-eastern part of Italy. Water monitoring is carried out by Veneto Region 
Environmental Prevention and Protection Agency (ARPAV), the institutional body with the 
responsibility of environmental monitoring and control of pollution sources. The monitoring is 
referred to the period 2000-2004; since 1/01/2000 the monitoring network has been 
reorganized according to the legal disposition of the Italian Decree n. 152/1999 so that o this 
period the data set analyzed can be considered homogeneous (the sampling frequency is 
monthly, the stations are not moved, etc.). 
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Figure 3 Piave’s map. 

This work consider the Piave river as axis of the water basin. Along the river there are 10 
monitoring places where monthly samples are collected and analyzed for tracing polluting 
substances like nitrogens, toxic metal, hydrocarbons and bacteria. Therefore river monitoring 
consists of a sampling sequence during one year. The water quality in a basin is established 
with respect to a long period of observations. In this work fuzzy representation was used in 
order to summarize the sampling observations and to represent the uncertainty of monitoring. 

The fuzzy number Z%  collects one year of observation of a monitor point and has been 
constructed preserving the convex hull property as a map (α -level, interval) which associates 
to each α -level the smallest median interval which contains a fraction (1 -α ) of the set of 
data. Although a little simplistic we have found that such a construction is sufficiently robust 
and compares well with statistical considerations. Then these fuzzy number representing the 
sampled quantity were interpolated using cubic splines (4) which envelop the data in order to 
have a continuous model as a function of the distance to the mouth of the river (see Anile 
2005). The splines are finally interrogated at each kilometre using quality threshold. 

Following figures shows an example of a fuzzy map representing five indices involved in 
water monitoring. Notice that the lines do not represent means but the requirement that the  
quality threshold corresponding to each index is exceeded in the sense of fuzzy overtaking 
(11), withδ  equal to 2/3. 

Figure 4 shows the concentration of the Escherichia coli bacterium which is considered an 
important biotic index. The Italian Government Decree n. 152/1999 suggests Escherichia coli 
as faecal indicator (it is correlated also with pathogens like Salmonella, responsible of human 
diseases like gastroenteritis). Furthermore total coliforms (TC), faecal coliforms (FC), 
escherichia coli (EC) and Enterococci are used as bacterial indicators for water quality 
monitoring and health assessment as each group of bacteria is prevalent in the intestines and 
faeces of warm blooded, mammals, including wildlife, livestock and human. These indicators 
are not pathogen; FC, FS and SF are used because they are much easier and less costly to 
detect and enumerate than the pathogens themselves (Meays et al., 2004). 
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Figure 4 Escherichia coli. 

The river has only an adequate quality nearby the source because there is a town very close to 
the river, successively the quality improves because the incoming water from affluents reduce 
its concentration. 

Figure 5 shows the Biochemical Oxygen Demand (BOD) which is a measure of overall load 
on the river. 

 

 
Figure 5 Biochemical Oxigen Demand  
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Levels less than 2 mg/l indicate a high quality of the water basin with lower oxidation 
reactions. The same consideration can be done for oxygen saturation in water showed in figure 
6. 

 

.  

Figure 6 Oxigen Saturation, percentage. 

Value greater than 100% are due to the foam of the river formed in the strips where the 
riverbed is winding. 

 

 
Figure 7 Concentration of ammonia. 
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The figure 7 shows the level of ammonia which is a marker of industrial pollution. Its quality 
was found from good to high and the oscillations mark the areas with low or very low 
chemical load. 

In figure 8 it is showed nitric nitrogen which marks the agricultural exploitation of the soil 
around the river basin because this substance is used in the fertilizers. 

 

 
Figure 8 Nitric nitrogen. 

A final consideration regards the location of the monitoring points which are located at a 
distance of 20-30 kilometre distance apart. This distance was found suitable for this 
quantitative and qualitative study because it allows to interpolate and classify the uncertainty 
of the measurements. 

5 Conclusions 
The methodology, applied to water monitoring allows to better characterize the classification 
obtained according to the technical legislation and to evaluate the localization of the 
monitoring points. This methodology is able to give indications. With more specific 
information and details on the basin which could be retrieved one could obtain a better 
understanding and evaluation of the results. 
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