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Abstract

Linear regression relies on an assumption of independence over space. Many 
phenomena are correlated over space, as given by Tobler’s Law. When data are 
spatially autocorrelated, underlying assumptions of linear regression models may be 
violated, yielding biased results and weakened inferences about the phenomenon of 
interest. This paper presents methods in spatial regression analysis to assess the role of
predictive variables while explicitly incorporating spatial autocorrelation in parameter
estimation and hypothesis testing. In addition, this paper points out important 
considerations in spatial regression model selection, in particular choosing an optimal 
neighbor matrix, with the goal of developing more accurate models and inferences.
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1.  Introduction

Linear regression modeling is often used to evaluate for linear relationships between
a  phenomenon  of  interest,  represented  by  a  dependent  variable,  and  one  or  more
independent  (a.k.a.,  predictor  or  explanatory)  variables.  The  purposes  of  linear
regression are many; its uses cross a variety of application areas. In general, its purpose
is  to  develop  a  predictive  model  for  a  given  phenomenon  based  on  explanatory
variables, or to identify significant predictors and their effects. 

Analyzing spatial data presents challenges that are not addressed by linear regression
models.  As stated by Tobler’s first  law of geography (Tobler, 1970),  “Everything is
related to everything else, but near things are more related than distant things.” The
characteristic  of  spatial  autocorrelation  can  cause  violations  of  the  underlying
assumptions of linear regression modeling, resulting in biased estimates and weakened
inferences  about  the  phenomenon  of  interest.  Spatial  regression  techniques  are
presented herein to assess the role of predictive variables while incorporating spatial
autocorrelation in parameter estimation and inference. Considerations in the selection
of a “best” spatial regression model are described with the goal of developing more
accurate models and inferences. In general, these include identifying: 1) an appropriate
form of spatial regression model and 2) an optimal neighbor matrix to best represent
patterns of spatial autocorrelation. These considerations will be presented in the context
of a case study of spatial patterns in equatorial East African precipitation.

2. Methods

Average monthly precipitation data for the month of April (representative of the wet
season in  East  Africa)  were  evaluated  to  identify significant  predictors  over  space.
Initially, ordinary least squares (OLS) regression analysis (section 2.1.) was completed
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to identify one or more candidate models for further evaluation. Next, spatial regression
modeling (section 2.2.) was conducted for each candidate model.

2.1. Ordinary least squares regression

To identify  a  subset  of  explanatory  variables  for  use  in  the  spatial  regression
analysis, OLS regression (Kutner  et al., 2004) was completed using a recommended
model selection approach in which one or more a priori candidate models are identified
to  test  pre-specified  hypotheses  (Burnham and  Anderson,  1998).  Candidate  models
were compared and ranked based on model fit using Akaike Information Criteria (AIC).
Diagnostic testing of OLS results was completed to confirm the following underlying
assumptions: 1) independence of the predictive variables and 2) normality of the error
terms with constant mean of zero and a constant variance. 

2.2. Spatial regression

Two alternative  methods considered  were:  a  spatial  lag model,  also  known as  a
spatial autoregressive (SAR) model; and a spatial error model (SEM). The SAR model
accounts  for  the presence of  spatial  autocorrelation in  the  dependent  variable  (e.g.,
through “contagion”), but assumes spatial independence of the error terms. The SEM
allows for spatial  dependence of the error terms; this can occur when an important
spatially-varying independent variable is left out of the model. Brief descriptions of the
SAR and SEM models are provided below; more detailed descriptions are provided by
Anselin (2005) and Anselin and Bera (1998).

SAR models are of the form:

 εβρ ++= XWyy (1)

where  y is  a  vector  of  dependent  variable  observations,  ρ is  an  autoregressive
coefficient, W is a spatial weights matrix, ρWy is a spatially lagged dependent variable,
X is  a  matrix  of  independent  variable  observations,  β is  a  vector  of  regression
coefficients, and ε is a vector of independent and identically distributed error terms.

The SEM model takes the form:

εβ += Xy  and uW += ελε  (2)

where y, X, β, and W are as defined above; ε is a vector of spatially autocorrelated error
terms; λ is an autoregressive coefficient, λWε is a spatially lagged error term, and u is a
vector of independent and identically distributed error terms.  A variety of techniques
were used to calculate the spatial weights matrix W, as described in section 2.4.

2.3. Selecting the appropriate form of spatial regression model

A decision process is recommended by Anselin (2005) to select the form of model
for  analysis  of  spatial  data.  This  process  involves  starting  with  an  OLS  model;
diagnostic statistics (LMlag and LMerr) are tested (often at a 5% level of significance)
to identify the need for either a spatial lag or a spatial error model,  respectively. If
neither  statistic  is  significant,  the  OLS  results  may  be  interpreted  and  no  further
modeling is necessary. If one of the statistics is significant, select the corresponding
model-type for further analysis of the data. If both of the statistics are significant, use
the robust diagnostic statistics (RLMlag and RLMerr) instead and interpret as above.

2.4. Identifying an optimal neighbor matrix

Configuration of  a  neighbor matrix  depends  on the definition of  “neighbors,”  or
values that will be used to identify the spatial lag for the autoregressive coefficients.
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Neighbors  are  identified  on  the  basis  of  relative  position  (e.g.,  sharing  borders)  or
distance. Distance measures can be determined by identifying a fixed number of n-
nearest neighbors or setting a fixed distance radius, within which all observations are
considered  neighbors.  Typically,  methods  used  to  identify  neighbors  have  been
established on an ad hoc basis (e.g.,  Walker  et  al. 2000; Anselin 2005). This paper
builds on the work of Hession and Moore (2010) by presenting a range of alternate
methods for selecting distance thresholds; these include semi-variogram analysis of the
dependent  variable  and  OLS  residuals,  and  calculation  of  Moran’s  I,  a  common
measure of spatial autocorrelation developed by Moran (1950), for multiple distance
thresholds and numbers of nearest neighbors.

3. Case Study

The study area (Figure 1) falls mainly in the East African country of Kenya and
slightly overlapping into northern Tanzania (Figure 1). The study area contains Mount
Kenya to the northeast and much of the Kenya Highlands and Lake Victoria to the west.
Elevations in this study area range from 522 to 5,825 meters and average 2,174 meters
with a standard deviation of  992 meters.   The dependent  variable  is  April  average
precipitation; data (in tenths of mm) from 166 meteorological stations (Figure 1A) were
obtained from the Department of Meteorology, Government of Kenya. Data from 1926
to 1998 were combined to calculate average monthly precipitation for  each station.
Stations with large data gaps (i.e., ten years or more) or stations with less than 5 years
of data were omitted from the analysis.

Independent variables included longitude (decimal degrees; DD) and latitude (DD)
of the meteorological stations; a digital elevation model (DEM) and average elevation
at  scales  of  9  km,  39  km,  123 km,  213 km;  and  the  northern  (p)  and  eastern  (q)
components of the unit normal vector (Hession, 2011; Hutchinson 1998). Five spatial
scales were considered to provide abroad coverage of scales at which mechanisms of
precipitation may operate. 

      
Figure 1: A (left) Study area; B (right) GTOPO30 DEM

Elevation data (Figure 1B) were obtained from the U.S. Geological  Survey’s 30”
resolution  GTOPO30  DEM  (Gesch  and  Larson,  1996).  Near  the  equator,  a  30”
resolution equates with approximately one kilometer. These data were used to obtain
average altitude measurements (m) at  the scales listed above as well  as  aspect  and
slope.  Averaged  elevation  at  each  scale  was  calculated  using  the  FOCALMEAN
function in ArcMap (ESRI, 2006). Values for p and q were calculated as follows:

p = cos( )sin( ) and q = sin( )sin( )α θ α θ (3)

where  is the angle of aspect in degrees and  is the angle of the slope in degrees. Theα θ
values of p and q represent aspect scaled by the steepness of the slope. 

 4. Results and conclusions
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OLS  regressions  models  were  completed  for  the  purpose  of  initial  selection  of
models  for  average  April  precipitation  (Table  1).  Based  on  the  AIC  values  and
diagnostic  testing  of  the  models,  the  “best”  OLS model  was identified  as  one  that
included latitude, average elevation at a scale of 123 km, and average “eastness” at a
scale of 123 km.  The spatial scale identified as optimal for modeling average April
precipitation (123 km) is consistent with synoptic scale of the intertropical convergence
zone (ITCZ) and its position over the study area in April, as it moves northward and
southward over the year with its associated bands of rainfall (Ahrens, 2007).

Table 1: Summary of OLS models for average April precipitation

Diagnostics  for  spatial  dependence  (Table  2)  were  calculated  using  five  nearest
neighbor  configurations.   A  spatial  error  model  was  recommended  in  most  cases,
although a spatial lag model was indicated when neighbors were defined as locations
within 1.4 DD (~155 km).  To further  evaluate the impact  of  the nearest  neighbor
configurations, each of the recommended spatial models in Table 2 were fit to the data;
a summary of the results is provided in Table 3.

Table 2: Spatial diagnostic test results for the “best” OLS model

*Maximum distance to a nearest neighbor is ~0.7 DD, or ~78 km.

As shown on Table 3, the choice of nearest neighbor configuration greatly influences
the selection of an optimal spatial regression model.  It can impact whether a spatial
regression  model  is  determined  to  be  necessary;  identification  of  the  best  spatial



Spatial Accuracy 2014, East Lansing, Michigan, July 8-11

regression model, if needed; as well as the form of the best spatial model (e.g., SAR or
SEM).

Table 3: Comparison of spatial models

*Maximum distance to a nearest neighbor is ~0.7 DD, or ~78 km; the range of a spherical 
semivariogram of average April precipitation is 1.4 DD, or ~ 155 km; the range of the best 
OLS model residuals is 0.8 DD, or ~ 88 km.  **AIC for OLS = 2492.
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