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Abstract

This paper introduces a new, alternative method for calculating the sub-pixel 
confusion matrix. It calculates the off-diagonal matrix elements from the slope 
coefficients of the regression relations between the overestimations and the 
underestimations of the area fractions. The new method is set against existing 
approaches for calculating the sub-pixel confusion matrix through the use of an 
artificial dataset. The results show that it is able to compete with the existing 
approaches and in some cases even outperforms the latter.
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1. Introduction

In remotely sensed image classifications for land cover and land use (LCU), the 
pixel size associated with the sensor often exceeds the average size of the land 
patches to be classified, giving rise to a considerable fraction of mixed pixels
(Fisher, 1997). Sub-pixel classification approaches are especially designed to deal 
with these mixed pixels which explains their increasing popularity in the remote 
sensing community over the last decades (Silvan-Cardenas and Wang, 2010; Ver-
beiren et al., 2008; Walton, 2008; Xu et al., 2005, Zurita-Milla et al., 2011). De-
spite considerable advances in sub-pixel classifiers, a widely accepted method for 
the evaluation of their accuracy has until now not been established (Binaghi et al.,
1999; Chen et al., 2010). This lack of an adequate and well-accepted validation 
method not only hinders the evaluation of a single classification for a particular 
application but also prevents a well-founded comparison of multiple competing 
classification techniques (Foody, 2004). 

The most common method for accuracy assessment in hard classification is the 
cross-tabulation matrix between the obtained classification and a reference classifi-
cation, also known as the error matrix or confusion matrix (Story and Congalton, 
1986; Pontius and Cheuk, 2006). In the remainder of this paper, it will consistently 
be referred to as the confusion matrix. The confusion matrix not only provides a 
detailed assessment of the agreement between the reference data and the classifica-
tion result, but also describes the confusions between each pair of classes (Stehman, 
1997). When pixels are soft-classified, the best way of calculating a confusion 
matrix is not immediately obvious (Pontius, 2002). As the location of the within-
pixel boundaries between the LCU classes is unknown, there is no way to deter-
mine the actual overlap among the classes based solely on the LCU fractions 
(Silván-Cárdenas and Wang, 2008).
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Several authors have attempted to expand the crisp confusion matrix to sub-pixel 
classifications by extending the notion of ‘crisp matching’ to that of ‘soft match-
ing’. Binaghi et al. (1999) implemented the “min” operator introduced in the origi-
nal formulation of fuzzy set theory (Zadeh, 1977). Lewis and Brown (2001) on the 
other hand proposed the use of a multiplication (“prod”) operator to define agree-
ment and disagreement between classes within a pixel. This operator is based on 
conventional probability theory, where the joint probability of two events is de-
scribed as the product of the individual probabilities of each of the separate events. 
The “min” operator calculates the maximum possible overlap between two parti-
tions while the “prod” operator calculates the expected overlap between two parti-
tions . A third operator, the “least” operator, calculates the minimum possible over-
lap between two partitions. 

As Pontius and Cheuk (2006) demonstrated, the operators described above ex-
hibit some counterintuitive characteristics. Specifically, they do not result in a di-
agonal matrix when a classification is compared to itself. Moreover, for the “min” 
and the “least’ operator the sum of all matrix entries does not match the total num-
ber of pixels. Silvan-Cardenas and Wang (2008) stated that a composite operator is 
necessary to warrant the diagonalization characteristic and that the “min” operator 
is the most appropriate candidate for the diagonal cells (agreement). At the same 
time, they admitted that there is no unique way to allocate the remaining sub-pixel 
proportions into the off-diagonal cells (disagreement or confusion). Their proposed
solution of this dilemma is the use of confusion intervals, bounded by the “min-
least” and “min-min” operators. The resulting intervals represent the range of pos-
sible confusions between the classes and the matrix containing these intervals was 
called the “sub-pixel confusion-uncertainty matrix”. An alternative to the interval 
approach is to use the “min-prod” operator, a composite operator that calculates the 
statistical center of the confusions. 

All approaches described above incorporate some concept of spatial overlap 
within the pixel. As sub-pixel classifications do not provide any information on the 
within-pixel spatial allocation of the classes, validation methods that do not rely on 
this spatial concept are in our opinion to be preferred. 

This study has two objectives. The first is to present an alternative method for 
calculating the sub-pixel confusion matrix based solely on the statistical (regres-
sion) relations between over- and underestimations. This approach does not include 
any presumptions about the spatial allocation of the classes within a pixel. The 
second objective is to assess and compare the appropriateness of different methods
for calculating the sub-pixel confusion matrix, including the newly developed “sta-
tistical confusion matrix”.  

2.   The statistical confusion matrix 

As stated before, the off-diagonal elements of the statistical confusion matrix are 
calculated without any reference to the spatial allocation of the LCU classes within 
the pixels. To ensure this, the use of an intersection operator was deliberately 
avoided. Instead, the calculation is based on the statistical regression relations be-
tween the over- and underestimation of the LCU fractions of the individual classes. 
Under- and overestimation matrices were already introduced by Silvan-Cardenas 
and Wang (2008), but these authors implemented another method for calculating 
the off-diagonal elements from the over- and underestimation values. In our meth-
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od, regression relations are calculated between the overestimation of one class and
the underestimation of another class:

����� = ��� + 	�� × 
�����  ( � �) (1)


����� = ���
� + 	��

� × �����  ( � �) (2)

with i and j two different classes. The bij and b’ij values are the slope coeffi-
cients associated with these relations. After the negative slopes are set equal to 
zero, these coefficients can be used to distribute the over- and underestimation 
values of the classes over the individual cells of the statistical confusion matrix. In 
general, confusions are perceived as

��� = ��� × 
����� (3) 

��� = ���
� × ����� (4)

with P ij the entry at location ij in the confusion matrix. In our method, cij and 
c’ij are calculated through normalization of the original slope coefficients (bij and 
b’ij

3.   Methods 

). In general, large slope values representing strong relations will result in large 
values for the matrix element located at the intersection of these classes. For the 
calculation of the diagonal elements the minimum operator was used, as recom-
mended by Silvan-Cardenas and Wang (2008). 

3.1. Confusion matrices

A number of existing methods for calculating sub-pixel confusion matrices were 
selected to reflect the advances in this area over the last decade. Details on their 
mathematical formulation and calculation method can be found in the references in 
table 1. The statistical confusion matrix that we recently developed, was also added 
to the list. 

Table 1: Sub-pixel confusion matrices compared in this paper. 

Confusion matrix Reference
“min” matrix Binaghi et al. (1999)
“prod” matrix Lewis and Brown (2001)
“least” matrix Pontius and Connors (2006)
“min-min”, “min-prod” and “min-least”
matrix Silvan-Cardenas and Wang (2008)

sub-pixel confusion-uncertainty matrix Silvan-Cardenas and Wang (2008)
statistical confusion matrix see section 2 

3.2. Artificial confusion scenarios

All of the confusion matrices listed in table 1 were evaluated by means of an ar-
tificial dataset of 250 by 250 pixels containing area fractions for four LCU classes. 
Working with artificial datasets has the advantage that confusions can be induced 
artificially and are hence exactly known.

For each class, an artificial raster containing the reference fractions was first cre-
ated. As they represent actual LCU classes, these fractions were set to be positive 
and to sum to one for each pixel. The reference fractions were then subjected to 
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each of the three confusion scenarios described in table 2. The confusion values 
(over- and underestimations) for each pixel were randomly extracted from a Gauss-
ian distribution and subsequently rescaled to make sure the output fractions would 
also be positive and sum to one. These output fractions were calculated through 
summation of the reference fractions and the confusion values (positive for overes-
timation and negative for underestimation). Also, the ‘real confusion matrix’ was 
calculated. The entries of this matrix contain the sum of the actual (induced) confu-
sions over all pixels. All sub-pixel confusion matrices (table 1) were evaluated with 
respect to their ability to correctly reproduce the ‘real confusion matrix’. This
evaluation consists of two components: the ability to correctly identify the position 
of the confused classes in the matrix (i) and the ability to accurately predict the 
magnitude of the ‘real’ confusions (ii). 

Table 2: Confusion scenarios imposed on the artificial dataset

Confusion scenario Description

Scenario 1 Class 1 is underestimated: Random confusion between 
class 1 and class 2 Class 2 is overestimated

Classes 3 and 4 are not confused

Scenario 2 Class 1 is overestimated: Random confusion between 
class 1 and classes 2 and 3 Classes 2 and 3 are underestimated

Class 4 is not confused

Scenario 3 Class 1 is underestimated: Random confusion between 
class 1 and class 2 and between class 3 
and class 4

Class 2 is overestimated
Class 3 is underestimated
Class 4 is overestimated

4.   Results and discussion

The sub-pixel confusion matrices from table 1 were compared with respect to
their ability to correctly reproduce the position and the magnitude of the artificially 
induced confusion patterns. Table 3 summarizes the results for the three confusion 
scenarios.  

Table 3: Evaluation of the sub-pixel confusion matrices. A value (+) was assigned to cor-
rectly estimated locations/magnitudes, a (-) to incorrectly estimated ones. 

scenario 1 scenario 2 scenario 3

Confusion matrix location magnitu
de location magnitu

de location magnitu
de

“min” matrix - - - - - -
“prod” matrix - - - - - -
“least” matrix + - + - + -
“min-min” matrix + + + + - -
“min-prod” matrix + + + + - -
“min-least” matrix + + + + + -
sub-pixel confusion-
uncertainty matrix + + + + - - 
statistical confusion 
matrix + + + - + - 

equal 

equal 

equal 

equal 
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Scenario 1 is the most simple scenario since only two classes are confused. For 
this scenario, the composite matrices – “min-min”, “min-prod” and “min-least” – as 
well as the statistical confusion matrix are able to correctly predict both the location 
and the magnitude of the introduced confusions. The “least” matrix correctly identi-
fies the confused classes, but largely underestimates the magnitude of the confu-
sion. 

For scenario 2, comparable results were obtained. The composite matrices are 
again able to correctly identify the confusion patterns. The statistical confusion 
matrix correctly predicts the location, but its estimates of the confusion values are 
not completely accurate. The same holds for the “least” matrix, although the errors 
found here are much larger than for the statistical confusion matrix. 

For scenario 3, the composite matrices are no longer able to correctly estimate 
the magnitude of the induced confusions and the “min-min” and “min-prod” matri-
ces even fail to correctly identify the location of the confusions. They display large 
confusions between classes that were in reality not confused with each other at all. 
This can be attributed to the fact that the cross-tabulation values they predict are 
based solely on the concurrence of an underestimation of one class with an overes-
timation of another, regardless of whether this concurrence represents an actual 
confusion pattern between the classes concerned. Consequently, the sub-pixel con-
fusion-uncertainty matrix displays large confusion intervals at the wrong locations. 
Although these intervals do include zero, they can easily lead to a misleading or 
even wrong interpretation of the actual confusion patterns present in a given classi-
fication. 

Three matrices are able to correctly predict the location of the confusions in sce-
nario 3: the “least” matrix, the “min-least” matrix and the statistical confusion ma-
trix. The former two however largely underestimate the magnitude of the confu-
sions thus encouraging an overoptimistic estimation of the classification accuracy. 
The statistical confusion matrix is the only one able to approximate the real confu-
sion values to a somewhat acceptable degree of accuracy.

The results seem to imply that as soon as more than one class is underestimated 
and at the same time more than one class is overestimated, the newly developed 
statistical confusion matrix is able to outperform the existing sub-pixel confusion 
matrices including the sub-pixel confusion uncertainty matrix. We would also like 
to emphasize that we believe further refinement of the statistical confusion matrix 
is possible through the incorporation of uncertainty, replacing the current estimated 
values by accuracy intervals. We are however aware of the fact that since our con-
fusion values are calculated from the entire population of pixels instead of per-
pixel, their accuracy/reliability will largely depend on the number of pixels (sam-
ples) available in the dataset. This issue is partially resolved through the use of 
accuracy intervals, as the uncertainty will be reflected by the size of the intervals, 
but it does remain an important constraint to the use of our approach. 

5. Conclusions

This paper introduces a new method for calculating the sub-pixel confusion ma-
trix. Based on a comparison using artificial datasets, it was found to be a promising
competitor to a number of existing methods including the sub-pixel confusion un-
certainty matrix which is considered as the current reference for sub-pixel classifi-
cation accuracy assessment. Applications on real datasets are however needed to 
consolidate and possibly extend our understanding of this new approach.
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